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I am working in the relatively young
field of mathematical biology. | first
became interested in this area when |
was taking amicrobiology classtaught
by Dr. James Stuart from Murray State
University’s Department of Biological
Sciences. We discussed the problem
of antibiotic resistance. By
coincidence, | was also taking a
mathematical modeling classtaught by
Dr. Renee Fister in the math
department. Using what | learned in
both classes, | was able, with the
guidance of thesetwo faculty members,
to develop a mathematical model for
antibioticresistance. | haverefined and
presented the model twice at Murray
State University. Today, under the
direction of Dr. Maeve McCarthy, | am
developing a mathematical model and
computer program to describe a
number of ecological phenomena.

ABSTRACT

M athematical M odd for
Antibiotic Effectiveness

It is known that in any given population of bacteria, a certain
percentage can be resistant to one antibiotic or another. Bacterial
resistance carried on a plasmid can be transferred from parent to
offspring (vertical transfer), as well as from a resistant cell to a
non-resistant cell (horizontal transfer). As a result, an antibiotic
becomes|ess effective over timewhen it isused more often because
the percentage of antibiotic resistance increases in the bacterial
population being fought. This is often seen in hospitals, where
patients' immune systems are weakened and the usage of antibiotics
ishigher than normal. A mathematical model is presented that can
be used to minimize the rate of horizontal transfer while also
minimizing the amount of time that the infected person is sick.
Different “ patient types’ are examined. Shown inthe study ishow
the horizontal transfer rate increases asthe patient’simmune system
and/or drug efficiency decrease.

FACULTY MENTOR

K. Renee Fister is an associate professor in the Department of Mathematics and Statistics. She has
been at Murray State for eight years where she teaches a variety of university studies and upper level
mathematics courses. Her research interestsfocus on optimal control techniques applied to differential
equations. Recently, she has been studying optimal treatment strategies for breast and ovarian cancers.
Through her involvement in Murray State’s Howard Hughes Medical Institute award and through
other grants, she has been able to involve and support both undergraduate and graduate students in
these research endeavors.

30



CHRYSALIS: The Murray State University Journal of Undergraduate Research

M athematical M odd for Antibiotic Effectiveness

A rather common practice in today’s agricultural industry is
the addition of antibiotics into food for livestock. This
practice is primarily used to protect the animals from bacterial
infections, which could otherwisekill the livestock and thuslower
the profits of the farmer or company. One such antibiotic, shown
in Figure 1, is tetracycline (European Commission, 1999).
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Figure 1. Chemical Structure of Tetracycline.

Theaddition of tetracycline does not directly pose athreat to human
health. However, it poses a type of natural selection on bacteria
that may inhabit the livestock food, areas around the cattle, or
perhaps even the meat or dairy products that we buy. A good
example is the bacterium Bacillus cereus, which can be found in
all of these placesaswell asairborne (lowa State University [ISU],
nd., p.1).

According to the United States Food and Drug Administration
(USFDA), Bacilluscereusisagram-positive rod-shaped bacterium
that is rather commonly found in food. The structure of Gram-
positive cell walls typically contain extra layers and sometimes
contain toxins or other chemicals that aid in infecting another
organism. Most infectious bacteria are Gram-positive. B. cereus
bacteria are easily killed at temperatures above 50 °C (122 °F).
Usually, cooking prevents the bacterium from causing disease in
humans. In some rare cases, ingestion of a large number of B.
cereus bacteriain undercooked food has been known to result in
food poisoning. B. cereusfood poisoning can be accompanied by

either diarrhea or vomiting, depending on the type of toxin in the
cell walls of theingested B. cereus strain (USFDA, 2003, p.1-2).

B. cereus food poisoning is fairly rare. The USFDA states that
fewer than 50 cases have been reported to the Centersfor Disease
Control during the past 25 years. Thisislikely dueto thefact that
B. cereus food poisoning typically goes unreported or
misdiagnosed as food poisoning caused by a different species of
bacteria. Asisthe casewith any type of food poisoning, all people
are equally susceptibleto B. cereus poisoning (USFDA, 2003, 1).
However, the concern over B. cereus is not due to the disease it
causes, but rather the DNA which some B. cereus carry.

Some bacteria contain plasmids, self-replicating circular strands
of DNA that can carry certain genes that are not necessary for a
bacterium’s survival but can sometimes be useful to it. A good
example of a plasmid-carried gene would be one which encodes
for resistance to an antibiotic. Plasmids copy themselves during
cell replication, so any offspring from aplasmid-carrying cell will
also get acopy of the plasmid. Thisiscalled vertical transfer. In
addition, plasmids can also be transferred horizontally (that is,
from aplasmid-carrying cell to another cell that does not carry it)
through a process called conjugation (Nester, Anderson, Roberts,
Pearsall and Nester, 2004, p. 209-210). In some cases, conjugation
has been observed between different species of bacteriaand even
between bacteria and certain eukaryotic species such as yeast.

An antibiotic-resistance plasmid can allow a bacterium to survive
in the presence of an antibiotic that would otherwise kill it, but
thisresistance comesat aprice. Extragenes create extraproteins,
and the creation of these proteins costs the bacterium some energy
that could otherwise be used for vital functions of its metabolism
or replication. Thismetabolic cost isthought to be what generally
keeps the prevalence of a plasmid in a population of bacteriaat a
relatively low percentage. However, the use of antibiotics creates
aselective pressure on the bacteria, allowing theresistant bacteria
to survive and multiply whilethe susceptible bacteriadie off. This
metabolic cost is not trivial and should be included in the model,
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but currently little data regarding this cost is available. For this
reason, the metabolic cost will be disregarded and left for afuture
version of the model.

Some Bacillus cereus strains contain aplasmid designated pBC16,
which codes for tetracycline resistance. The protein that this
plasmid codes for actslike apump, forcing the tetracycline out of
the cell before it can stop the bacterial protein synthesis (Collard,
2003, 1; Nester et al., 2004, p. 512, 522). A study by Schlegelova,
Brychta, Klimova, Napravnikova, and Babak (2003) found the
ratio of Tet-resistant to Tet-susceptible B. cereus bacteria to be
about 2 to 129 (p. 336).

General Model for Antibacterial Resistance

A model for a disease with an antibiotic-resistant strain (R,) and
an antibiotic-susceptible strain (S) must treat each strain as
separate popul ation equations, with each equation being dependent
upon the other (dueto conjugation). It must also takeinto account
the birth rate of the bacteria as well as a death rate due to the
immune system for each equation and a death rate due to the drug
for the susceptible population. The drug’s effectiveness should
also be included as a percentage term, in order to accommodate
thefact that some of the drug can be eliminated by the body before
it isableto destroy any invading bacteria. The natural death rate
of the bacteria can beincluded in the death rate due to theimmune
system’sactions, sincetheimmune system probably would destroy
an invading bacterium regardiess of whether it is alive or not.
Therefore, a reasonable model is shown in Equations 1 and 2,
wherethe equations are written in difference form (excluding time)
for simplicity. The corresponding differential equationsincludea
time variable for any terms in which time is not included for as
part of another variable.

Su=Ps*ih+S*B-3*S—y*R*S-E*C*S @)

Rt+1:PR*i0+Rt*B_6*Rt+y*Rt*S[ (2)

Where:
Ps and Pr = Percent of general bacterial population that is susceptible
and resistant, respectively
i = Number of bacteria that infects the person (io being the initial value)
[3 = Birth rate of the bacteria (should be the same for either strain)

0 = Percent death rate due to actions of the immune system
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y = Percent rate of conjugation between resistant and susceptible strains
E = Percent effectiveness of the drug
C: = Concentration of adrug at a given time

Note: 0< Ps, P, |, Y, E < 1 sincethey are all percentages.

For simplicity, it will be assumed that R3=1* 2% wheret =time
and G = the amount of time required for the bacterial population
to double. This corresponds to the simple binary fission method
through which bacteria reproduce. The susceptible bacteria
population will be affected by drug dosagesthat can be calculated
using the drug dosage model in Equation 3, created by Horelick
and Koont (as cited by Giordano, Weir, and Fox, 2003, p. 382-
389).
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Where:
C: = Concentration of the drug at time t
Co = Initial concentration of the drug
k = Elimination constant of the drug
T = Time between doses (differs depending on the drug)

n = Number of doses

Using these two models together, the goal of the problem will be
to minimizetherate of conversion from the susceptible straininto
resistant strains(i.e. - y* R * S)). Thiscan be achieved by killing
the susceptible bacteria as quickly as possible with the drug while
maintaining safe dosage levels. However, before the problem can
be solved for a particular disease and bacterium, values for the
parametersy, 0, and E are needed.

Determination of Gener alized/Specific Parameters

Andrup, Smidt, Hojgaard, and Jensen (2003) of the National
Institute of Occupational Health in Denmark have developed a
formula for calculating the conjugative rate (y) of Bacillus
thuringiensis, a species of bacteria closely related to Bacillus
cereus. Histeam created amodel anal ogousto the Michael-Menten
enzyme kinetics model, which relates the rate of an enzyme-
catalyzed reaction to the enzyme’s substrate concentration.
Similarly, theAndrup team’smodel for conjugation kineticsrelates
the rate of conjugation with the titer (cells/ml) of the susceptible
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VYo S
Vs~ Tg K, (4)

Where:
[S] = Concentration (titer) of susceptible cells
Vis = Rate of conjugation at concentration [S]
Y,ex = Maximum rate of conjugation possible

Kn = Concentration of Sthat yields the rate at half of the maximum

cells. Changing variable designationsto fit the bacterial population
model mentioned before (Equations 1 and 2), the Andrup et al.
model is shown in Equation 4 (Andrup et al., p.1-5).

Figure 2 shows the probable rate curves which fit the data which
Andrup et a. (2003) used to determine the conjugative rate for
the 200 kb plasmid pX 016 (note that one kb = 1000 base pairs of
DNA nucleotides). The plasmid pBC16 in B. cereus is
considerably smaller, being only about 0.31 kb (Collard, 1998,
1). Andrup and histeam found that the rate of plasmid transfer is
approximately 1 kb/sec for the B. thuringiensis plasmid. This
same rate can likely be applied to B. cereus since the species are
so closely related, and this creates ayms for the plasmid pBC16 of
about 0.31 kb/sec. The constant Ky, cannot be determined without
experimentation, but because of the small size of the plasmid, it
turns out that the Ky, has little effect on the graph, as shown in
Figure 3. However, when applying this model to other species
with larger plasmids, y would have alarger impact on the overall
model. In the case of B. cereus, since the maximum conjugative
rate occurs at less than one third of a second, a constant y = 0.3
titer/min x time will be used.
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Figure 2. Conjugation rate developed for Andrup et al. (2003)
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Figure 3. Predicted rate of conjugation for B. cereus when Ky, =
{1,5, 10}

Next, the model requires a parameter & to describe the efficiency
of the patient’s immune system (or simply, the patient’s
immunoefficiency). Determining an equation to describe the
immune systemisaresearch projectinitself. However, itisknown
that the immune system of some people works better than the
immune system of other people. Some people seem to never get
sick, while others seem to be sick quite often. The worst-case
scenario is, of course, a full-blown AIDS patient. Imagine a
hypothetical group of patients with varied levels of immunity (as
in Figure 4). This graph allows for & values relative to the most
immunoefficient patient (the peak of the graph) to be used. These
o values will be percents of the titer of bacteria per hour that the
most immunoefficient patient’s immune system can destroy. For
thetetracyclineresistance model, the most immunoefficient patient
will be able to kill 500 titer/hr.
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Figure 4. Immunoefficiency graph of a hypothetical group of
patients

A more accurate equation for & could be devel oped with additional
work. It should be variable, depending on the patient’s age, the
disease in question, and possibly the geographic location of the
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patient as well. It islikely that this may have to be examined at
the cellular level, by monitoring the actions of the patient’s T-
cellsand B-cells. Inaddition, this equation should also be ableto
incorporate various factors which could also affect the
immunoefficiency, including secondary infections of another
disease, immunosuppressant drug therapy or chemotherapy, and
patient vaccinations to the bacteria species’ toxin.

The parameter to describe the effectiveness of the drug (E) is
probably a function somewhat similar to that described for the
immunoefficiency rating. It should represent the removal rate of
the antibiotic by the body before the antibiotic has a chance to
destroy aninvading bacterium. It should also include other factors
that affect the effectiveness of the antibiotic, such as spontaneous
mutationsin the bacterial genome that prevent the antibiotic from
working, without necessarily being carried on a plasmid. Again,
since this drug efficiency equation is likely a complicated paper
initself, the value of E will instead be parameterized with various
percentage values, and the possibility of spontaneous mutations
will beignored. Therefore, for example, an E value of 0.75 will
represent 75 percent of the drug actually killing bacteria, while
25 percent is absorbed by the body.

The Specific Model for Tetracycline Resistance
in Bacillus cereus

The objective of this model is to minimize the spread of the
tetracyclineresistance. That is, the objectivefunction of thismodel
is the conjugation between resistant and susceptible bacteria (the
termy* R * S in Equations 1 and 2) should be minimized while
also keeping the tetracycline dosage within safe levels. Sincethe
conjugation term is nonlinear, this problem cannot be solved with
linear optimization methods such asthe Simplex method. Instead,
acomplicated technique called the Primal Dual L og Barrier method
isneeded. The Primal Dual Log Barrier method findsaminimum
optimal solution value in multiple variable models such as this.
Jason Schattman of Maplesoft, Inc. has created a package for
Waterloo, Inc’s Maple versions 6.0-7.0 that utilizes this method
to optimize nonlinear models (2001). To download acopy of and/
or learn more about this package, please visit Schattman’swebsite
at http://www.mapleapps.com/powertool s/optimization/
optimization.shtml.
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For the tetracycline-resistance model, the initial number of
infecting bacteria (io) will be 10,000 bacteriafor each patient. As
previously stated, the ratio of resistant to susceptible bacteriawill
begin as 2/129 (Schlegelova et al., 2003, p. 336). According to
Malahyde Information Systems, the minimum effective level of
tetracycline is 8 x 10°g, and the maximum safe level is 3 g for
adults (Malahyde Information Systems, 1993). The half-life of
tetracycline is about 14 hours (Doxycycline.com, 2000, 3), and
the doubling time (G) of B. cereus is about 30 minutes, so the
birth rate (R) can be calculated as3= 2'/*° (ISU, n.d, 1). Based
on the 14 hours half-life using the Horelick and Koont model, k¢
=0.0495. Therefore, the problem is asfollows:

Min(y* Re* S)
subject to Equations 1, 2, and 3 as well as the following logical
bounds:

8x10°%<C,<3

0<n<10
Values of all variables are nonnegative.

Table 1 shows the results of the Schattman (2001) package based
on these conditions and some of the different patient types tried.
Thefinal iterationswere considered to be thosein which S and Ry
were closest to zero but still nonnegative or when C; reached the
maximum safe level, as reported in the table. Also, Table 1 is
calculated assuming that the drug’s efficiency level (E) is 1 (that
is, 100 percent efficient). Changes in the drug efficiency level
will be examined in the next table.

Table 1

Results of Optimization when Altering o
and Holding Efficiency at 100 per cent
Patient  Drug Final Tet- Final Tet- Final Drug  Treatment # of Value of
d Efficiency Susceptible  Resistant ~ Concentration Time Doses Objective
Value(E asa percent) Bacteria bacteria on (Csin Elapsed (n) Function
(Sintiter)  Rrintiter) grams) (hours) (0.3*R*S)
in titer/hr
1.00 1 4.31 0.00016 1.73 30.8 5 0.0002
0.90 1 6.47 0.0003 141 46.2 3.108  0.0006
0.75 1 7.71 5.308 2.99 3248 14 12.27
0.67 1 19.21 1518 217 4984 43 87.19
0.50 1 19.79 22.36 2.99 2996 1.83 13275
0.33 1 21.38 21.6 2.29 3752 2.88 13854
0.25 1 7.68 67.62 2.99 35 1.33 155.79
0.10 1 258 264.08 2.38 37.1 2.67 204.40
0.01 1 180 436.77 257 36.32 295 235.86
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Notice the bacterial conjugation rate (the objective function)
increases as the immunoefficiency rate decreases. In the lower
immunoefficiency cases, acombination of drugs may be necessary
to destroy all of the bacteria. The specific model being examined
only considers tetracycline by itself, but a second drug could be
considered by copying Equation 3 and adding anew term or terms
into Equation 1 to accommaodate the new drug(s). Thiswould, of
course, create a considerably more complex system.

The data in Table 1 provides some mathematical evidence to
explain why bacterial antibiotic resistance is highly prevalent in
hospital environments. Some bacterial infections that reside in
the highly selective environment of a hospital can have plasmids
that code for resistance to severa different antibiotics (Nester et
al., 2004, p. 211-212). The data on Table 1 show that the
combination of the low immunoefficiency state of the patientsin
the hospital, along with the high prevalence of antibiotics being
used by them, creates a natural selection-like pressure for the
resistant strain. The increase and subsequent decrease in the
susceptible strain as the patient immunoefficiency decreases
reflects the increased reliance of the patient on the drug. At the
0.5 immunoefficiency mark, the conjugation rate hasincreased so
significantly that fewer susceptible bacteriaremain sincethey are
so quickly converted into the resistant strain (by conjugation). This
results in an increase in the rate of conjugation between the
bacterial strains.

Next, alterationsto thetetracycline efficiency (E) will be examined

to mimic overuse of the antibiotic. Table 2 shows the effects of
thisin three particular patient types (6 = { 1.00, 0.5, 0.01}).

Table 2

Results of the Algorithm with Drug Efficiency
of 75 percent and 50 per cent.

Patient  Drug Final Tet- Final Tet- Final Drug  Treatment # of Value of
3 Efficiency Susceptible  Resistant ~ Concentration Time Doses Objective
Value (Easa%) Bacteria bacteria on (Crin Elapsed (n) Function
(Sintiter)  (Rrin titer) grams) (hours) (0.3*R*S)

in titer/hr

1.00 0.75 7.53 29.72 2.56 27.26 5.85 67.15
1.00 0.50 8.66 94.56 2.50 25.29 416 245.70
050 0.75 44.31 11.08 2.53 22.69 4.88  490.99
0.50 0.50 41.84 48.21 2.99 21.21 3.07 605.15
0.01 0.75 1.36 674.6 2.60 22.82 359 275.24
0.01 0.50 0.42 1590.32 254 31.92 219 200.38

Table 2 shows a clear indication of the dangers of overusing
antibiotics. It clearly shows that the drug works too slowly to
prevent the antibiotic resistant bacteriafrom conjugating with (and
thereby converting) the antibiotic susceptible bacteria. One can
easily see how quickly the population of the antibiotic resistant
strain explodes in each case.

It should be reiterated that Bacillus cereus is not a dangerous
species. However, astrain of this species could easily mutateinto
amore virulent form. In addition, B. cereusis closely related to
another Bacillus species that causes one of the deadliest diseases
known to man—aBacillus anthracis, known by most as anthrax
(ISU, n.d., p. 1). Treatment of anthrax involves ciproflaxin,
tetracycline or pencillin, in that order of preference (United States
Center for Disease Control, 2003, p. 3). Interspecies conjugation
isknown to occur, so continued addition of tetracyclineinto animal
food poses a serious threat of allowing B. anthracis to obtain the
tetracycline resistance plasmid from B. cereus.

Aside from anthrax, many other diseases are treated with
tetracycline as well. These include bacterial pneumonia,
gonorrhea, syphilis, surgical infections, acne, cholera, Rickettsial
disease, malaria and Lyme's disease, among others (Malahyde
Information Systems, 1993, p. 2-3). Continued abuse of thisdrug
will ultimately result in an increase in tetracycline resistance in
the microorganisms that cause some or even all of these diseases,
as aresult of the natural selection-like pressure demonstrated in
Tables 1 and 2. In order to prevent these and other species of
bacteria from becoming predominantly tetracycline-resistant, the
selective pressure being imposed on them must be eased. 1n short,
the practice of adding tetracyclineinto animal food must be halted,
and much more care must be taken to help limit the usage of
antibiotics.
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