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Abstract

This paper calculates, in a precise way, the complexity of the index sets
for three classes of computable structures: the class K cx of structures of
Scott rank w{* | the class Kox iy of structures of Scott rank w{* +1, and
the class K of all structures of non-computable Scott rank. We show that
I(K) is m-complete i, I(lecx) is m-complete T13 relative to Kleene’s

O, and I(K cx ;) is m-complete %9 relative to O.

1 Introduction

Our structures are all countable, with universe a subset of w. The language of
each structure is computable. When we measure the algorithmic complexity of
a structure A, we identify A with its atomic diagram D(A), and we identify the
sentences of D(A) with their Gédel numbers. Thus, A is computable if D(A) is
a computable subset of w. An index for a computable structure A is a number
e such that p. = xp(a)-

The Scott rank of a countable structure A, denoted by SR(A), measures the
model-theoretic complexity. We shall give a precise definition later. For a com-
putable structure A, SR(A) is at most w{' ¥ +1 (see Nadel [16]). The computable
ordinals all have computable Scott rank. Moreover, there are computable ordi-
nals of arbitrarily high computable Scott rank. Harrison [13] showed that there
is a computable ordering of type w{'* (1+7) (see also [18]). The Harrison order-
ing has Scott rank w{'® + 1. There are some related computable structures, the
Harrison Boolean algebra and the Harrison Abelian p-groups, which also have
Scott rank WX + 1 (see [9]).

Computable structures of Scott rank w{'¥ took longer to find. Makkai [14]
gave an example of an arithmetical structure of Scott rank w{’X. In [11], it
is shown that Makkai’s example can be made computable. In [7], it is shown
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that there is a computable tree of Scott rank w{'. Moreover, there is such
a tree which shares with the Harrison ordering the feature that it is “strongly
computably approximabie”.

For a structure A, the indez set, denoted by I(A), is the set of all indices for
computable copies of A. In [6], there are precise calculations of the complexity
of the index sets for several kinds of structures, in particular, for all computable
Abelian p-groups of length < w?. For any computable structure A, I(A) is
Y1, If A has computable Scott rank, then I(.A) is hyperarithmetical. It is an
open problem whether the converse holds. There are a number of examples
of computable structures A such that the Scott rank is non-computable and
I(A) is m-complete 1. It is an open problem whether there is a computable
structure A of non-computable Scott rank such that I(A) is not m-complete 1.

In the present paper, we study the index sets for classes of high rank struc-
tures. Our work is related to earlier work of of W. White [20], [21], who cal-
culated the complexity of the index sets for classes of computable structures
having some properties of model-theoretic importance, such as homogeneity
and saturation. We consider the following three classes.

1. lecx = {A : SR(A) = wa}
2. Kyer gy ={A: SR(A) =wf" +1}
3. K = wax Ulec‘K+1

In Section 2, we will give some background on the complexity classes (II1,
etc.) and on Scott rank. In Section 3, we recall from [7] some special features
the tree T of Scott rank w{'¥ together with a family of approximating trees
(T,)aecp of computable Scott rank. In Section 4 we bound the complexity of the
three index sets, showing that each has a definition of a certain form. We arrive
at the fact that I(K) is ¥}, I(K cx) is 119 relative to O, and I(K,cr ) is 9
relative to O. In Section 5 we prove that our bounds are sharp—each index set
is m-complete among sets having definitions of the same form.

2 Background

2.1 I} sets

Kleene defined the analytical hierarchy, starting with computable relations on
numbers and functions (from w to w) and closing under projection and comple-
ment. We need only the bottom part of this hierarchy. A relation R(Z, f), with
number variables T and a function variable f, is computable if there is some e
such that for all T in w and all f € w*,

f () l—{ 1 if R(Z, f)

Ye 0 otherwise

Definition 1. Let S(Z) be a relation



1. S(z) is I} if it can be expressed in the form (Vf) R(Z, f), where R(Z, f)
is computable,

2. S(%) is L1 if it can be expressed in the form (3f) R(T, f), where R(T, f)
is computable,

3. S(z) is Al if it is both I and 1.

If S(z) is a k-place relation, we may consider the set S’ of codes for k-tuples.
It is clear that, S is IIj iff S’ is IT{. The same is true for X} and A} relations.
The next result gives familiar conditions equivalent to being II1 [17], [2]. We
identify finite sequences with their codes.

Proposition 2.1 (Kleene). The following are equivalent:
1. S is 1,

2. there is a computable relation R(n,u), on pairs of numbers, such that

n e S iff (Vf) 3s) R(n, f 1 s),

3. there is a c.e. relation R(n,u), on pairs of numbers, such that n € S iff

(Vf) (3s) R(n, f | s),

4. there is a uniformly computable sequence of trees (T, )new such that n € S
iff T, has no path.

We would like to assign to each e a IIi set S for which e is an index. We
consider W, to be a set of pairs (n,v). Let R, be the set of pairs (n, u) such that
u is a finite sequence, and s is the length of u, then for all t < s and v = u [ ¢,
(n,v) ¢ W, . For each n, the set of u such that (n,u) € R, is a computable
tree T, ,. We let e be an index for the II} set S consisting of those n such that
T, has no path. Note that from e, we can compute an index for the sequence
of trees (Te,n)new-

Definition 2 (Universal I} enumeration relation). Let Epi(e,n) be the
set of pairs (e,n) such that n is in the II} set with index e.

Fact. The relation Ey; is I3,

2.2 Computable infinitary formulas

Roughly speaking, the computable infinitary formulas are formulas of L, in
which the infinite disjunctions and conjunctions are c.e. While these formulas
are infinitely long, they still seem comprehensible. The formulas are all in “nor-
mal form”, with the negations brought inside. They are classified as computable
Y, or computable I, for various computable ordinals «. Taken all together,
the computable infinitary formulas are essentially the same as the formulas in
the least admissible fragment of L,,.,. What makes the computable infinitary
formulas useful is the classification.



Definition 3.
1. ©(T) is computable Xy and Mg if it is finitary quantifier-free,
2. fora>0

(a) o(T) is computable T, if it is a c.e. disjunction of formulas of the
form (Fu) Y(Z,w), where 1 is computable Iz for some B < «,

(b) ©(T) is computable 11, if it is a c.e. conjunction of formulas of the
form (Vu) ¥(Z, ), where ¢ is computable X5 for some 8 < a.

We write neg(p) for the effectively determined formula in dual form that is
logically equivalent to the negation of ¢. (If ¢ is computable ¥, then neg(p)
is computable II,, and vice versa.) For more information on computable in-
finitary formulas, see [2]. The computable infinitary formulas match up with
the hyperarithmetical hierarchy. Computable infinitary formulas have indices
which depend on ordinal notation.

The hyperarithmetical sets also have indices. Given a notation a for «, there
is a naturally associated complete AY oracle, which we call A%, If a > w, we
choose H(a), while if « is a finite n > 1, we choose ()(")—this is H(b), where
b is the notation for n — 1. A set is X2, or 112, or AY, if it is c.e., co-c.e., or
computable, relative to AY, where a is a notation for a. By a result of Spector,
this is independent of the notation a.

Proposition 2.2. If ¢ is computable ¥, or computable I, then satisfaction
of ¢ in computable structures is X0, or TIY.

«’

This proposition is true with a great deal of uniformity, over the formula,
the structure, even the ordinal, or notation. Given an index for a computable
infinitary formula, we see that the formula is computable ¥, or computable II,,
and we are given a notation a for . Given an index for a computable structure,
we can pass effectively to an index for the XU, or II relation defined by the
formula.

There is a version of Compactness for computable infinitary formulas. For
a proof of the version stated below, and various corollaries, see [2].

Theorem 2.3 (Barwise-Kreisel Compactness). Let I' be a 11} set of com-
putable infinitary sentences. If every Al set T C T has a model, then T has a
model.

We can use Barwise-Kreisel Compactness to produce computable structures.

Corollary 2.4. Let ' be a 11} set of computable infinitary sentences. If every
Al subset has a computable model, then the whole set has a computable model.

Any computable (or hyperarithmetical) structure has some saturation prop-
erties. The next two results are familiar consequences of Barwise-Kreisel Com-
pactness.



Corollary 2.5 (Ressayre). Let A be a computable structure and let @ be a
tuple in A. Let T'(a,x) be a 11} set of formulas. If every Al subset is satisfied
in A, then the whole set is satisfied in A.

Corollary 2.6. Suppose A and B are computable structures satisfying the same
computable infinitary sentences. Then A= B.

2.3 Tree rank and approximations for II} sets

We consider trees which are isomorphic to subtrees of w<“. We define tree rank
of nodes x in a tree T.

Definition 4 (Tree rank).
1. tr(z) =0 if © has no successor.

2. tr(z) = « if all successors x' of x have ordinal tree rank, and « is least
ordinal greater than all of these ordinals.

3. tr(z) = oo if the definition above does not assign ordinal tree rank to x.

We let tr(T) be the tree rank of the top node 0.

Fact: Suppose T is a computable tree. If T has a path, then tr(T") = oo, and
otherwise tr(7T) is a computable ordinal.

We can write natural computable infinitary sentences describing the tree
rank. There is a computable TI; sentence saying that the tree rank is at least
w, and a computable Ils, sentence saying that the tree rank is at least wa.
Moreover, given a notation for «, we can effectively find such a sentence.

For a II} set S, we have a natural family of approximations S, obtained
in the following way. Let (T},)nec. be the uniformly computable sequence of
trees associated with our index e for S (as in the paragraph after Proposition
2.1), such that n € S iff T;, has no path. Given «, let & be greatest such that
2a4 < a. Given a notation a for a, we can effectively find the notation a for &
such that a <p a. We let n € S, iff tr(T},) ? wé. The condition tr(T,) # wa is
¥0  uniformly in n and the notation for . By this, we mean that if Al is the

complete A% oracle associated with the notation a for «, then we can apply a
uniform procedure to enumerate those n such that (7},) ? wa.

2.4 Scott rank

Scott rank comes from the Scott Isomorphism Theorem. Scott [19] proved that
for any (countable) structure A (for a countable language L), there is an Ly,
sentence o whose countable models are just the isomorphic copies of A. In the
proof, Scott associated a countable ordinal to each tuple in the structure A, and
to the structure itself. We begin with a family of equivalence relations on the
tuples in the structure A.



Definition 5 (Equivalence relations =%).

1. @ ="b ifa and b satisfy the same atomic formulas,

2. fora >0, a=""b if for all < a, for all ¢, there exists d, and for all d,
there exists ¢, such that @,¢ =" b,d.

Our equivalence relations differ slightly from Scott’s—we extend by tuples ¢
and d, where he extended by single elements ¢ and d.

Definition 6 (Scott rank).

1. For each tuple @ in the structure A, the Scott rank of @ is the least ordinal
B such that for all b, @ =P b implies (A, a) = (A,b).

2. The Scott rank of the structure A, denoted by SR(A), is the least ordinal
« greater than the Scott ranks of all tuples in A.

Our definition agrees with Scott’s, and with a different-looking definition
used by J. Millar and Sacks [15], on which computable structures have com-
putable rank, which have rank w{'¥, and which have rank w{'® + 1. The result
below was stated explicitly in [11], but well-known before. For a proof, see [7]
pp. 283-284.

Theorem 2.7 (Folklore).

1. SR(A) is computable if there is a computable ordinal o such that the orbits
of all tuples are defined by computable 11, formulas,

2. SR(A) = w§K if the orbits of all tuples are defined by computable infini-
tary formulas, but there is mo computable ordinal o, as in 1,

3. SR(A) = w¢E +1 if there is some tuple whose orbit is not defined by any
computable infinitary formula.

The following condition comes from another definition of rank, due to Bar-
wise [3]. The Barwise rank, BR(A) is the least ordinal o such that for all tuples
@ and b in A, if @ = b, then @ =11 b.

Note: For a given tuple @ in A, the fact that for all b, @ =* b implies @ =11 b,
does not imply that @ has Scott rank < a.

The following is well-known, and not difficult to prove.
Proposition 2.8 (Folklore). Suppose A is a computable structure.

1. BR(A) < w$E iff SR(A) < Wik,

2. BR(A) = w{E iff SR(A) = w{E or 0K +1.



2.5 Strong computable approximability

Definition 7. Let A be a computable structure of non-computable Scott rank.
We say that A is strongly computably approximable if for any X1 set S, there
is a uniformly computable sequence (Cp)new such that forn € S, C, = A and
forn & S, C, has computable Scott rank.

The following is well known (see [8]).

Proposition 2.9. The Harrison ordering is strongly computably approximable,
where the approximating structures are well orderings.

Sketch of proof. Let S be a X1 set. Let (T),)new be a uniformly computable
sequence of trees such that n € S iff T, has a path. Let 7% be a computable
tree with a path but with no hyperarithmetical path. (We could use Barwise
Compactness to produce such a tree, although Kleene did it by other means.)
Given an index for T}, we pass effectively to an index for a tree TX such
that a path through TX represents a path through 7, and a path through

TX. Each element of TX is a sequence (ng, mo), (n1,m1),..., (n,,m,), where
0 =no,NM,...,00 € Tp, and 7 = mg,m1,...,m, € TK. From an index for
TX | we pass effectively to an index for a tree T, which has infinitely many

nodes at level 1, with a copy of TX below each. Let L,, be the Kleene-Brouwer
ordering of T),. If n € S, then L, is a Harrison ordering, and if n ¢ S, it is a

well ordering.
O

In [7], it is shown that there is a computable tree of Scott rank w{'® which
is strongly computably approximable. We say more about the tree and its
approximations in the next section. In [4] and [5], rank preserving computable
embeddings are used to show that there are strongly computably approximable
structures of Scott ranks w{¥ and w{¥ + 1 in the following classes: trees,
graphs, fields of characteristic 0, linear orderings, Boolean algebras.

3 A special family of trees

In [7], there is a construction of a computable tree T of Scott rank w{'X | together
with a uniformly computable family of approximating trees (T,),cp. The set P
is the maximal well ordered initial segment in a Harrison ordering. Moreover,
the Harrison ordering has the feature that we can effectively recognize successor
and limit elements, and we can effectively pass from a successor element a to
its predecessor, and from a limit element a to an index for a strictly increasing
sequence with limit a. There is a partial computable function f that maps P
onto a path through O, such that if a € P, then f(a) is a notation for the order
type of pred(a). We identify P with the path, and for a € P, we write |a| for
the ordinal for which a is a notation; i.e., the order type of pred(a).

The trees T and (T, ).cp have the following three properties, which will be
important later.



Property I. Given a € P, we can effectively find a computable infinitary Scott
sentence for Ty,.

Property II. For each a € P, the ¥, sentences true in Ty, are true in T

Property III. Given a < b in P, and an index for a H\Oa| set S, we can find an
index for a uniformly computable sequence (Cy,)ne. such that

Cn%{ T, ifnesS

T, otherwise

We offer partial explanations for these three properties. For more details,
the reader should see [7].

Definition 8 (rank homogeneity). A tree T is rank homogeneous if it sat-
isfies the following conditions:

1. for any node x at level n (of tree rank an ordinal or o), for any B < tr(x)
such that there is a node of tree rank 3 at level n+1, x has infinitely many
successors of tree rank (3,

2. if tr(x) = oo, then x has infinitely many successors of tree rank oo.

If T is a rank homogeneous tree, then the isomorphism type of T is de-
termined by the set of tree ranks that occur at the various levels. If T is a
computable tree, then either tr(T) = oo or else tr(T) is a computable ordinal.
We can describe the Scott ranks of computable rank homogeneous trees.

Proposition 3.1. Suppose T is a computable rank homogeneous tree.

1. SR(T) is computable if there is a computable bound on the ordinal tree
ranks that occur,

2. SR(T) is w{E if for each level, there is a computable bound on the ordinal
tree ranks that occur, but there is no computable bound over-all,

3. SR(T) is w{E + 1 if there is some level with no computable bound on the
ordinal tree ranks.

The tree T, is rank homogeneous, and with tree rank at most w(|a| + 1).
This explains how we can pass effectively from a to a computable infinitary
Scott sentence for T,. Given a, we can effectively find T,. Using Ag ol420 We
can determine which tree ranks occur at each level. Then we can effectively
write a Scott sentence saying that the tree is rank homogeneous, with a certain
set of tree ranks at each level. There are familiar tricks for turning Zg\a| 4o dis-
junctions, or conjunctions, into c.e. disjunctions, or conjunctions. Thus, we pass
effectively from a to a computable infinitary Scott sentence, We have explained
Property L.



We define binary relations <g (or <}, where |b| = 3) such that
(a,7) 25 (a,7)

iff the subtree of T, generated by T is isomorphic to the subtree of Ty, generated
by Z' and for corresponding elements z and z’ of these finite subtrees, either
the tree ranks match or else both are > w - 3. The trees T, are constructed so
that for all n, for all @ € P, the tree ranks < w - |a| that occur at level n in
T, and T are the same. This implies that for all b > a, (a,0) =<4 (b,0) and
(b,0) <q| (a,0). The relations <g have the “back-and-forth property”. This is
defined below.

Definition 9 (Back-and-forth family of relations). Let Ay, Ay be struc-
tures. We consider pairs (i,a), where @ is a tuple in A;. Let (<g)g<a be a
family of relations on these pairs. The family has the back-and-forth property
if the following conditions hold.

1. If (i,a) <o (J,b), then the quantifier-free formulas true of @ in A; are true

of b in A;,
2. For 3> 0, if (i,a) <g (J, b), then for all v < 3 and all d, there exists ¢
such that (j,b,d) <, (i,a,¢c).

The following is easy to prove, and well-known. It is essentially due to
Carol Karp.

Proposition 3.2. Let A;, Ay be structures, and let (<g)g<a be a family of
relations with the back-and-forth property, as above.

1. If (3,7) <g (4,7), then all Ilg formulas true of T in A; are true of J in
Aj;.

2. If for each B < « and each T in A, there exists § in As such that
(4, ) <y (4,7), then all ¥, sentences true iin A; are true in As.

We can apply Proposition 3.2 to the special trees (T,),cp, and the back-
and-forth relations (=3)sep. Suppose that |a| = a. Since (a,0) =4 (b,0) and
(0,0) =4 (a,0), T, and T, satisfy the same X, sentences. The tree T also
satisfies these sentences. We have explained Property II.

For Property III, we need the following definition. Here we identify com-
putable ordinals with their notations in P.

Definition 10 (a-friendly pair). A pair of structures A, Ay is a-friendly
under the back-and-forth family (<g)s<a provided that the structures are com-
putable, and the relations <g are uniformly c.e.

The trees T, are equipped with functions f, : T, — P X w, computable
uniformly in a, indicating the tree rank. For x € Ty, fo(x) = (b,n) indicates
that ¢r(x) = w|b] + n. This implies that for any a,b,c in P, the pair Ty, T}
is |c|-friendly. This puts us in a position to use the result below (see [1], [2]).
Again we identify computable ordinals with their notations in P.



Theorem 3.3 (Pairs of structures). Suppose that A; and Ay form an
a-friendly pair, under the relations (<g)g<a. Suppose further that for any
B < a and any T € Ay, there exists § € Ag such that (A1,T) <g (A2,7).
Then for any 11O set S, there is a uniformly computable sequence (Cp)new such

that
C N{ .Al ZfTLES

"7 Az otherwise

Moreover, we can compute an index for the uniformly computable sequence
(Ch)new effectively from the notation a for a, computable indices for Ay, As,
an index for the uniformly c.e. sequence of relations (<g)g<a, and an index for
aTl9 set S.

This explains Property III.

4 Bounds on I(K), I(K,cx), and (K cx )

In this section, we show that I(K) is 1, that I(K,ox) has a definition of
the form (V)(3)(II} — II}), and that I(K ox 1) has a definition of the form

(3)(V)(II} — T1}). We describe the classes defined in this way, and we indicate
how the last two forms match more familiar classes arithmetical over O. We are
grateful to Carl Jockusch for pointing out this connection.

4.1 The classes D,, and I,

Let D,, be the family of sets defined by a sequence of n alternating number
quantifiers, ending in (3), followed by a relation of the form II} — ITi. Let I,
be the family of sets defined by a sequence of n alternating number quantifiers,
ending in (V), followed by a relation of the form II} — IIi. The sets and relations
in I,, are the complements of those in D,,. It is easy to see that if @ is in D,,, or
I,,and R <., @, then R is in D, or I,,. When we calculate the complexity of
I(K ox) and I(K cx 1), it will be convenient for us to think of the classes Dy
and Ir. We show that I(K,cx) is m-complete among sets in Dy and I(K cx 1)
is m-complete among sets in I.

Proposition 4.1 (Jockusch). For oddn > 1, the sets in D,, are exactly those
¥0(0), and the sets in I,, are ezactly those 112 (0). For even n > 1, the sets in
D,, are ezactly those 119 (O), and whose in I,, are exactly those X0 (0).

Proof. We give the proof for n = 1. It is enough to show that S € D iff S
is c.e. relative to O, since this implies S € I; iff S is co-c.e. relative to O. If
S € D1, then it is clear that S is c.e. relative to @. Suppose S is c.e. relative
to O. Then S <,,, O'. To show that S € Dy, it is enough to show that O’ is in
D;. Now, e € O iff there exists o such that ¢J(e) |, where o is a finite initial
segment of the characteristic function of @. This has the form (3) (I} — II3).
O
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From Proposition 4.1, we get non-collapse. For n > 1, any set in D,, or I,
is in both D,4; and I,,4;. There is a set in D,, — I,,, so the complement is in
I, — D,,. We add two further simple facts to complete the picture.

Proposition 4.2. Dy C Iy and Iy C D;y.

Proof. Tt is enough to show that Dy C I;. (We get the fact that Iy C D, taking
complements.) Let 77 be a computable tree with a path, and let 7V be a
computable tree with no path. Let S = S — 52 where the S? are I} sets. Let
(T%)new be uniformly computable families of trees such that n € S* iff T! has
no path. We define uniformly computable families of trees Tfll and 772 such

T n,r
that

T}, =TN & T2, =T, forevenz
), =T & T)?, =T" for odd =

We have n € St iff T! has no path iff for all even x such that T,’le has no path,
T2, also has no path. Similarly, n ¢ S iff T has a path iff for all odd x such

that Tfm has a path, T'!  also has a path; equivalently, for all odd x such that

n,x

T}', has no path, T)?, also has no path. Therefore, n € S' — 52 iff for all z

n,r

such that T'! has no path, 7’2  also has no path. Therefore, S is in I;.

n,x n,r

O

Proposition 4.3. There is a set S in Dy — Iy. Then the complement S is in
Iy — Dy.

Proof. We note that from the IT uniform enumeration relation Ep for I3 sets,
we get a Dy enumeration relation Ey for Dy sets. We let Ep,({(e1,e2),n) iff
Emi(e1,n) & ~Ep(e2,n). This clearly has the right form. Let C(e,n) be the
complementary relation, so C(e,n) iff ~Ep,(e,n). This is in Iy. We show that
it is not in Dy. If the relation C' (on two variables) is in Dy, then the set of n
such that C(n,n) holds is also in Dy. Say e is a Dy index for this set. Then for
all n, Ep,(e,n) iff C'(n,n). In particular, C(e,e) iff Ep,(e,e). However, from
the definition of C'(e, n) as the complement of the enumeration relation, we have
C(eye) iff ~Ep,(e,e). This is a contradiction.

O

4.2 Definitions for the index sets

Our first goal is to show that I(K) is ¥1. Let A, be the computable structure,
if any, with computable index e. Let I be the set of indices for computable
structures. Clearly, I is arithmetical (I19).

Lemma 4.4. There is a II1 set T' of computable infinitary sentences such that
the computable models of T are exactly those of non-computable Scott rank.

11



Proof. First, for each 8 and n, we can find a computable infinitary formula
saying of n-tuples T and g (in an arbitrary structure for our language) that
z =7 7. For each computable ordinal o, we can find a computable infini-
tary sentence saying that there are tuples @ and b such that @ = b but not
@ =11 b. These sentences say that the Barwise rank is not computable. By

Proposition 2.8, they also guarantee non-computable Scott rank.
O

Satisfaction of computable X, (or computable II,) formulas in computable
structures is X0 (or I19), with enough uniformity that (for a fixed computable
language L), the relation “p is a computable infinitary sentence true in the
computable structure A.” is II}. We can pass effectively from ¢ to neg(y), so
the relation “neg(yp) is true in A.” is also II3.

Lemma 4.5. Let I’ be a 11} set of computable infinitary sentences, and let K'
be the class of all computable models of T. Then I(K') is ¥1.

Proof. We consider the complement of I(K'). First, let I be the set of all
indices for computable L-structures. This is I13. We have e ¢ I(K") iff either
e¢Torelseee I and (p) (¢ €T & A, = neg(p)). The second disjunct has
the form (3) (II] & II}). The intersection of ITj relations is I}, so we have the
form (3)II1. The projection of a II} relation on a number variable is I13. The
119 disjunct can be absorbed, so the complement of I(KT) is II}. Therefore,
I(KT) itself is X1

O

Lemmas 4.4 and 4.5 yield the following.
Proposition 4.6. I(K) is ©1.

Next, we give upper bounds for the complexity of I(K,cx) and I(K cx ).
Proposition 4.7.

1. I(K,ex) is in Da, so it is 5(0).
2. I(Kyox 1) isin Iz, so it is ¥9(0).

Proof. We say e € I(leck) in the following way. First, we say that it is in
I(K). This is 1. Next, we say that for each n and each n-tuple 7, there is
an ordinal « such that for all n-tuples 7, if T =* 7 in A, then there is an
automorphism of A, taking T to . Given e, n, and an ordinal «, or a notation
a for o, we can find a I} index g(e,a,n) for the relation “Z =% 7 in A.”. We
can also find a ¥} index i(e,n) for the relation “there is an automorphism of A,
taking = to y. Let Ex: be a ¥1 enumeration relation for %} sets, and let Em
be a I} enumeration relation for IT} sets.
To say that e € I(K, cx ), we write

¢ € I(K) & \(VZ) (3a) [a € O & (v9)(En: (9(e,a,n),7,7) — Ex:(i(e,n),7,7))] -
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This has the form 1 & (V) (3) [I1} & (V) (I} — ¥1)]. Simplifying, we get the
form %1 & (V) (3) (I1} & 1), and then (V) (3) (I} & 1), or (V) (3) (I3 —11}).
Therefore, I(K,cx) € Da. To say that e € I(K cx ), we say that

66K&€¢I(wax).

We have seen that I(K) is X1, and I(K, cx) € D so the complement is in I.
From this, it follows that I(K cx ) € Io.
O

5 Sharpness of the Bounds

We have shown that I(K) is X1, I(K,cx) is II3(0), and I(K cx 1) is 35(O).
In this section, we show that each of these index sets is m-complete among sets
in its definability class. This establishes that our definitions are best possible.

Theorem 5.1. I(K) is m-complete 1.

Proof. By Proposition 4.6, I(K) is 1. For completeness, take the Harrison
ordering H, or some other structure .4 which is strongly computably approx-
imable. For any ¥} set S, there is a uniformly computable sequence (C,)new

such that if n € S, then C,, &2 A, so C, € K, and if n ¢ S, then C, has
computable Scott rank, so C,, ¢ K.
O

We turn to the sets I(K cx) and I(K,cx ). We use the following defini-
tion.

Definition 11. Let A C B and let S be another set. We say S <,, A within
B if there is a computable function f:w — B such that n € S iff f(n) € A.

Before proving that I(K,cx) is m-complete I19(0) and I(K,cxyq) is
m-complete ¥9(0), we give the following weaker result.

Theorem 5.2.
1. For all S € Dy, S <p, I(K cx) within I(K).
2. Forall S € I, S <p I(K cx 1) within I(K).

Proof. Let S be a set in D;. Say S and S? are I} sets such that n € S
iff (3z)(n,z) € St — S?. We shall produce a uniformly computable sequence
(An)new such that if n € S, then A, € K o, andifn ¢ S, then A, € K cx ;.
We want approximations for S, so that if n € S then for all sufficiently large «,
n € S,, and if n ¢ S, then for arbitrarily large a;, n ¢ S,.

If we had n € S iff (3z) (n,z) € ST — S?, where S! and S? are c.e., then we
would approximate S as follows. At each stage s such that (3z) (n,z) € S} —S2,
we designate the first as z(n, s). We let n € S iff there is a currently designated
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x = x(n, s) and the previous one has not just entered S?; i.e., we do not have
¥’ = x(n,s — 1) and 2’ € S2. We do the same here, thinking of ordinals as
stages. At each stage a such that (3x) (n,x) € SL — S2, we designate the first
as z(n,a). We let n € S, iff there is a current designated x(n,a) and it is not
the case that for some 3 < o and 2/, for all 8 < v < a, z(n, ) = 2’ and 2’ € S2.

Lemma 5.3.
1. Ifn€ S, then (3a) (V6 > a)n € Sp
2. Ifn ¢S, then (Vo) (36 > a)n € Sp.

Proof. We identify the ordinals with their notations. First, suppose n € S, so
(3z) (n,x) € ST —S2%. Let z be the first such that (n,z) € S* —S2. Take a stage
a by which (n,z) has entered S' and for all 2’ < z that are ever designated,
(n,z') has entered S%. For all 8 > «, x(n,3) = z. Then for all 8 > a,
(n,z) € Sé - 5’2. Then for all 8> a, n € Ss.

Next, suppose n ¢ S, so (Vz) (n,z) ¢ ST — S2. Let a be given. It may be
that for some 8 > «, there is no designated z(n, 8), and then n ¢ Sg. Suppose
there is always a designated x. Let x be the first designated at some stage
B > a. Then (n,z) € S —S3. Since (n,z) ¢ S* — S, there must be some stage
B’ > 3 at which (n,z) enters S%. For 8 <~ < 3, z(n,v) = x. Then n ¢ Sg.

O

We consider the oracle needed to determine whether n € Sg.

Lemma 5.4. Suppose |a] = |b| + 2. Then using A2, we can decide whether
n € Sg. Moreover, the procedure is uniform.

Proof. First, suppose (3 is a successor, say 3 = y+1, then n € Sg iff there exists
a such that (n,z) € Sj — S and if there is a first 2’ such that (n,2’) € S} —S2,
then 2’ ¢ S3. Using A%, |, we can decide whether a given (n,z) is in Sj — S3.
Using A%+2, we can decide whether there is any such (n,z). Using A%H, we
can decide whether there is some 2’ such that (n,z’) € S — 52, and if so, we
can find the first such z’. Using A{Oi+1’ we can decide whether (n,2’) € S%.
Thus, using A2, we can decide whether n € Sg.
Now suppose [ is a limit. Then n € Sg iff there exists  such that (n,z) €
Sé — S% and there do not exist 2’ and 3’ < 8 such that for all 3 < v < 3, 2/
is first with (n,2") € S1 — S2. For a given v < 3, we can determine using A9,
whether ' = z(n, ). Using A%-H’ we can determine, for a given 2’ and 8’ < 3,
whether z(n,~v) = 2’ for all 3/ <~ < 3. Using A%+2, we can determine whether
there exist 2’ and 3’ < @ with this feature. Then, as above, we see that using
A%, we can decide whether n € Sg.
O

We describe the desired sequence of structures (A, )ne,- For each n, A, will
have an equivalence relation ~ partitioning the universe into infinitely many
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infinite classes. In addition, 4, will have a binary relation which is the union
of relations putting a tree structure on each ~-equivalence class. We use the
special tree T of Scott rank w{'® and approximations (T} )qcp, of computable
Scott rank, constructed in [7], with properties described in Section 3.

Property I: Given a € P, we can effectively find a computable infinitary Scott
sentence for Ty,.

Property II: For each a € P, the computable ¥, sentences true in 7, are true
inT.

Property III: Given a < b in P, and an index for a H?a‘ set R, we can find an
index for a uniformly computable sequence (C;,)ne. such that

C = T, ifneR
"7 T, otherwise

For all n, A,, will have infinitely many ~-equivalence classes isomorphic to
T, plus infinitely many ~-equivalence classes isomorphic to T, for certain a.
Suppose |a| = B+2. If n ¢ Sg, then there will be infinitely many ~-equivalence
classes on which the tree structure is isomorphic to T,. Otherwise, there will
be no ~-equivalence classes on which the tree structure is isomorphic to 7,. In
particular, if |a| is not of the form 3+ 2, there will be no ~-equivalence classes
isomorphic to T,.

Suppose for the moment that we can produce the sequence A,, as described.
If n € S, then by Lemma 5.3, there exists v such that for all 3 > v, n € Sg. Say
g € P is the notation for v+ 2. Then for a > ¢ in P, there is no ~-equivalence
class isomorphic to T,. For each a < g, let 1, be the effectively determined
computable infinitary Scott sentence for T,,. Let 1 be the disjunction of these.
The ~-equivalence classes isomorphic to T are the ones that satisfy neg(¢). In
this case, the Scott rank of A, is w{'X.

If n ¢ S, then by Lemma 5.3, there are arbitrarily large 8 such that n ¢ Sg.
If @ € P is a notation for 5+ 2, where n ¢ Sg, then there are infinitely many ~-
equivalence classes isomorphic to T,. Any computable infinitary sentence true
in T is also true in T, for arbitrarily large a. Any computable infinitary formula
true of the top node of a ~-equivalence class isomorphic to T is also true of
the top nodes of ~-equivalence classes isomorphic to T, for sufficiently large a.
Therefore, A,, has Scott rank w{' + 1.

We must show that there exists a uniformly computable sequence of struc-
tures (A, )new as described. We can write a I3 set T' of computable infinitary
sentences describing the desired sequence of structures A,. (We could put the
sequence of structures together in a single structure, with a disjoint family of
unary predicates for the universes of the separate structures A,,.)

1. We say that ~ is an equivalence relation partitioning the universe of A,
into infinitely many infinite classes.
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2. Suppose a € P, where |a| = 8 + 2.

(a) If n ¢ Sg, then we say that A, has infinitely many ~-equivalence
classes on which the tree structure is isomorphic to T,. (We use the
Scott sentence for T,.)

(b) If n € Ss, then we say that there is no ~-equivalence class on which
the tree structure is isomorphic to T,. (Again we use the Scott sen-
tence for T,.)

(c¢) In either case, we say that A,, has infinitely many ~-equivalence
classes on which the tree structure satisfies the computable ¥, sen-
tences true in T, and each of the remaining ~-equivalence classes is
isomorphic to T3 for some b < a.

We want a computable model of T'. This will yield a uniformly computable
sequence of structures (A, )nco as described. We shall use the Barwise-Kreisel
Compactness Theorem, or rather Corollary 2.4. Let I be a Al subset of I'. We
may suppose that the ordinals involved in I are all less than v, and let g be
the notation for v in P. To show that IV has a computable model, we produce
a uniformly computable sequence of structures (A/,),c.. For each n, A will
have infinitely many ~-equivalence classes isomorphic to T,. In addition, A7,
will have infinitely many ~-equivalence classes isomorphic to Ty if a < g, where
la| =8 +2 and n ¢ S;s.

Let a be an element of P such that [a| = 8+2. The relation “n ¢ S3” is H‘Oa‘
(A?a| actually), uniformly in a. By Property III, we get a uniformly computable
family of trees T), 4, for n € w and a < g such that a is a second predecessor,
such that if |a| = |b| 4+ 2, then

T ~ Ta if n ¢ S‘b|
.0 T, otherwise

Using the trees T, o, we obtain uniformly computable structures A, with
infinitely many ~-equivalence classes isomorphic to T, and, for each a < g,
infinitely many ~-equivalence classes isomorphic to 7, ,. We have shown that
I'” has a computable model. Now, we are in a position to apply Corollary 2.4.
We get uniformly computable structures .4, as described in I'. In the case
where (37) [(n,z) € S — S?], there is a bound on the a € P such that there are
~-classes isomorphic to T,. In the case where (Vz)[(n,z) € S* — S?], there is
no bound on the a € P such that there are ~-classes isomorphic to Tj.

Using Corollaries 2.5 and 2.6, we can show that there are infinitely many
~-equivalence classes isomorphic to T. Let A(z) say that x is the top node
of a ~-equivalence class satisfying the computable infinitary sentences true in
T. Every Al subset is satisfied, so by Corollary 2.5, some a satisfies A(x). By
Corollary 2.6, the ~-equivalence class of a is isomorphic to T. Supposing that
a consists of the top nodes in finitely many ~-equivalence classes isomorphic to
T, we get another one in the same way. Let A(@, z) say that z is the top node in
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another ~-equivalence class satisfying the computable infinitary sentences true
in T. Again, every Al subset is satisfied, so the whole set is.
O

Now, we get the sharp result.

Theorem 5.5.
1. For all S € Dy, S <p, I(K cx) within I(K).
2. Forall S € Ip, S <p I(K cx 1) within I(K).

Proof. 1t is enough to prove 1. Suppose S € Dy, with a definition of the form
(Vm) (3z) R(n,m, ), where R(n,m,x) is II} — ITIi. Proceeding as in the proof
of Theorem 5.2, we obtain a uniformly computable family of structures A,, ,,,
for n,m € w, such that

.An,m € wax if (33’:)
A € Kyorcyy if (Vx)

For each n, let B,, be the cardinal sum of the structures A,, ,,, with universe
equal to the disjoint union of unary predicates U,,, where U, is the universe of
a copy of A, m. It is not difficult to see that B, is in K cx if all A, , are in
K ,cx, and otherwise, it is in K cx ;. .

6 Conclusion

The work in the present paper was motivated in part by two questions, men-
tioned already in the introduction. These two questions remain open.

Question 1. Suppose A is a computable structure. If I(A) is hyperarithmetical,
must SR(A) be computable?

Question 2. Is there a computable structure A such that SR(.A) is non-computable
and I(A) is not m-complete %} ?

We know more than we did when we began, but there is still a great deal
that we do not understand about high rank structures.
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