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Abstract

This work-in-progress is intended as an exposition of the background material, results, and
open problems of a particular poset theoretic study of Weyl characters and semisimple Lie
algebra representations begun in the late 1970’s and early 1980’s in the work of Richard P.
Stanley and Robert A. Proctor.

1. Introduction

Combinatorial representation theory is currently a flourishing area of research. Broadly speak-
ing, the goal of this area is to advance understanding of algebraic structures and their representa-

tions using combinatorial methods, and vice-versa. For an excellent survey, see [BR].

Our focus here is on one particular corner of this area: a poset theoretic study of Weyl characters
and semisimple Lie algebra representations. This subject began with certain work of Richard P.
Stanley and Robert A. Proctor in the late 1970’s and early 1980’s. In papers such as [Stal], it
was clear that Stanley was aware of nice interactions between certain families of posets and Weyl
characters. Proctor introduced the idea of semisimple Lie algebras acting on posets in papers
such as [Prol], [Pro2], [Pro3], and [Pro4]. Since that time, there has been interest in finding
combinatorial models for Weyl characters and in constructing representations using combinatorial
methods. These have been topics of interest for this author ([Donl], [Don2], [Don3], [Don4], [Don5])
as well as many other researchers ([Alv], [ADLP], [ADLMPPW], [DLP1], [DLP2], [DW], [HL], [KN],
[LS], [LP], [Lit], [Mc], [Stem3], [Will], [Wil2], [Wil3], etc).

One goal of this work-in-progress is to provide a reasonably self-contained exposition of the main
background ideas from combinatorics, Weyl group and Weyl character theory, and the representa-
tion theory of semisimple Lie algebras that are needed to understand the results of this subject.
Another goal is to survey the main results and contributions of this subject since its inception in
work of Stanley and Proctor, paying particular attention to developments over the past decade.

Finally, we hope to inspire interest in the subject by showcasing some of the beautiful objects this



study has produced and by pointing out many open problems. In many ways, this subject is still
in its infancy.

April 2008. In this edition, we mainly focus on providing a view of the combinatorial and Weyl
character theoretic environment for our subject. In introducing our main combinatorial objects of
interest, we recast some of the the conventional notions of finite partially ordered sets and finite
distributive lattices by “coloring” vertices and/or edges. The development of these combinatorial
ideas is largely self-contained. We also attempt to present basic Weyl character theory from a
combinatorial starting point. This part of our exposition is not as self-contained, but key references

are given for those parts of the development which require theory not included here.



2. Combinatorics background

Some of the definitions, notational conventions, and results of this chapter borrow from [Don4],
[DLP1], [DLP2], [ADLP], [ADLMPPW], and [Sta2]. We use “R” (and when necessary, “Q”)
as a generic name for most of the combinatorial objects we define here (“edge-colored directed
graph,” “vertex-colored directed graph,” “ranked poset”). The letter “P” is reserved for posets
(and “vertex-colored” posets) that will be viewed as posets of irreducibles for distributive lattices;

we reserve use of the letter “L” for reference to lattices and “edge-colored” lattices.

82.1 Vertex- and edge-colored directed graphs. Let I be any set. An edge-colored
directed graph with edges colored by the set I is a directed graph R with vertex set V(R) and
directed-edge set £(R) together with a function edgecolory : £(R) — I assigning to each edge
of R an element (“color”) from the set I. If an edge s — t in R is assigned color i € I, we write
s 5 t. Forie I, we let &(R) denote the set of edges in R of color i, so &(R) = edgecolory (i).
If J is a subset of I, remove all edges from R whose colors are not in J; connected components of
the resulting edge-colored directed graph are called J-components of R. For any t in R and any
J C I, we let comp;(t) denote the J-component of R containing t. The dual R* is the edge-colored
directed graph whose vertex set V(R*) is the set of symbols {t*}tcr together with colored edges
Ei(R) == {t* g |s Lte Ei(R)} for each ¢ € I. Let @ be another edge-colored directed graph
with edge colors from I. If R and @ have disjoint vertex sets, then the disjoint sum R @ @ is the
edge-colored directed graph whose vertex set is the disjoint union V(R) U V(Q) and whose colored
edges are &(R)U&;(Q) for each i € I. If V(Q) C V(R) and &(Q) C &(R) for each i € I, then @ is
an edge-colored subgraph of R. Let R x ) denote the edge-colored directed graph whose vertex set
is the Cartesian product {(s,t)|s € R,t € Q} and with colored edges (s1,t1) 4 (s2,t2) if and only
if 81 = s9 in R with t LR to in Q or s A so in R with t; = t9 in (). Two edge-colored directed
graphs are isomorphic if there is a bijection between their vertex sets that preserves edges and edge
colors. If R is an edge-colored directed graph with edges colored by the set I, and if o : I — I’
is a mapping of sets, then we let R be the edge-colored directed graph with edge color function
edgecolorp, := 0 o edgecolory. We call R? a recoloring of R. Observe that (R*)? = (R7)*. We
similarly define a vertez-colored directed graph with a function vertexcolorp : V(R) — I that
assigns colors to the vertices of R. In this context, we speak of the dual vertex-colored directed graph
R*, the disjoint sum of two vertex-colored directed graphs with disjoint vertex sets, isomorphism

of vertex-colored directed graphs, recoloring, etc. See Figures 2.1, 2.2, 2.3, and 2.4 for examples.



Figure 2.1: A vertex-colored poset P and an edge-colored distributive lattice L.
(The set of vertex colors for P and the set of edge colors for L are {1,2}.
Elements of P are denoted v; and elements of L are denoted t;.

Edges in P and L are directed “up”.)
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§2.2 Finiteness hypothesis. In this paper, all directed graphs, including all partially ordered

sets (discussed in the next subsection) will be assumed to be finite.

§2.3 Posets. A partially ordered set (‘poset’) is a set R together with a relation <p that is
reflexive (s <p s for all s € R), transitive (r <p s and s <pt = r <p t for all r,s,t € R), and
antisymmetric (s <gp t and t <p s = s = t for all s,t € R). In this paper, we identify a poset
(R, <p) with its Hasse diagram ([Sta2] p. 98): For elements s and t of a poset R, there is a directed
edge s — t in the Hasse diagram if and only if s < t and there is no x in R such that s < x < t, i.e.
t coverss. Thus, terminology that applies to directed graphs (connected, edge-colored, dual, vertez-
colored, etc) will also apply to posets. When we depict the Hasse diagram for a poset, its edges are
directed ‘up’. In an edge-colored poset R, we say the vertex s and the edge s L ¢ are below t, and
the vertex t and the edge s %, ¢ are above s. The vertex s is a descendant of t, and t is an ancestor
of s. The edge-colored and vertex-colored directed graphs studied in this thesis will turn out to
be posets. Given a subset @) of the elements of a poset R, let ) inherit the partial ordering of R;

call Q a subposet in the induced order. Suppose Q C R for another poset (Q,<g), and suppose



Figure 2.2: A product of chains.
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that s <g t = s <p t for all s,t € ). Then Q is a weak subposet of R. The terminology “weak
subposet” applies in the case that @ and R are vertex-colored (resp. edge-colored) if the colors of
vertices (resp. edges) from () are the same as their colors when viewed as vertices (resp. edges) of
R. An antichain in R is a subset whose elements are pairwise incomparable with respect to the

partial order. A chain in R is a subset whose elements are pairwise comparable.

For a directed graph R, a rank function is a surjective function p : R — {0, ...,{} (where ! > 0)
with the property that if s — t in R, then p(s) + 1 = p(t); if such a rank function exists then R is
the Hasse diagram for a poset — a ranked poset. We call [ the length of R with respect to p, and the

set p~1(4) is the ith rank of R. The rank generating function RGF (R, q) for such a ranked poset R
l

is the polynomial Z |p71(i)|¢" in the variable ¢. Given another ranked poset @, a simple counting
argument can be ;zs(e):d to show that RGF(Q x R,q) = RGF(Q,q) - RGF(R,q). A ranked poset
that is connected has a unique rank function. A ranked poset R with rank function p and length I
is rank symmetric if |p=1(i)| = [p~1(1 —4)| for 0 < i < I. It is rank unimodal if there is an m such
that [p~1(0)| < [p7 Y ()| < - < |p7t(m)| = [p7t(m +1)| > -+ > |p~t(1)|. Tt is strongly Sperner
if for every k > 1, the largest union of k£ antichains is no larger than the largest union of £ ranks.
It has a symmetric chain decomposition if there exist chains Ry, ..., R; in R such that (1) as a set
R = R;U---U Ry, (disjoint union), and (2) for 1 <1i <k, p(y;) + p(x:) =1 and p(y;) — p(xi) = l;,
where x; and y; are respectively the minimal and maximal elements of the chain R;, and I; is the
length of the chain R;. See Figures 2.5 and 2.6. If R has a symmetric chain decomposition, then
one can see that R is rank symmetric, rank unimodal, and strongly Sperner; however, the converse
does not hold. In an edge-colored ranked poset R, comp;(t) will be a ranked poset for each t € R
and i € I. We let ;(t) denote the length of comp;,(t), and we let p;(t) denote the rank of t within

this component. We define the depth of t in its i-component to be ;(t) := [;(t) — p;(t).



Figure 2.3: L* and (L*)? for the lattice L from Figure 2.1.
(Here o(1) = o and o(2) = 3.)

L*

A path from s to t in a poset R is a sequence (sg = s,81,...,8, = t) such that for 1 <p <r
it is the case that either s,_1 — s, or s, — s,_1. We say this path has length r. In notating
paths, we sometimes include the directed edges between sequence elements. The distance dist(s, t)
between s and t in a connected poset R is the minimum length achieved when all paths from s to
t in R are considered. (For example, the distance from t3 to ts in the lattice L from Figure 2.5 is
dist(ts,t5) = 4.) If R is a ranked poset and if s <t in R, then dist(s,t) = p(t) — p(s). We say a
poset R has no open vees if (1) whenever r — s and r — t in R, then there exists a unique u in R

such that s — u and t — u, and (2) whenever s — u and t — u in R, then there exists a unique

Figure 2.4: The disjoint sum of the 2-components
of the edge-colored lattice L from Figure 2.1.
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Figure 2.5: The lattice L from Figure 2.1 is rank symmetric and rank unimodal.
RGF(L,q) =1+2q+3¢* +3¢° + 3¢* + 2¢° + ¢°

to 6th rank; lp~1(6)] =1
5t rank; lp~1(5)| =2
4t rank; lp~1(4) =3
3t rank; lp~1(3)| =3
o0d rank; |p=1(2)| = 3

15 rank; |p1(1)] =2

0th rank; lp~1(0)] =1

r in R such that r — s and r — t. An edge-colored poset R has the diamond coloring property if

whenever <Z> is an edge-colored subgraph of the Hasse diagram for R, then ¢ =1 and j = k.

Let R be an edge-colored ranked poset. For this paragraph, the elements of R will be denoted
by v1,...,0n, so n = |R|. For an integer k > 0, let AF(R) denote the set of all k-element subsets
of the vertex set of R. If k > n, then A®(R) = 0. If k = 0 or k = n then A"(R) is a set with one
clement. For s, t € A"(R), write s Lt if and only if s and t differ by exactly one element in the
sense that (s —t,t —s) = ({vp}, {vy}) and v, iN vg in R. Use the notation AF(R) to refer to this
edge-colored directed graph, which we call the kth exterior power of R. Similarly let S¥(R) denote
the set of all k-element multisubsets of the vertex set of R and define colored, directed edges s Lt
between elements of S¥(R). Call S¥(R) the kth symmetric power of R. It can be shown that A*(R)
and S¥(R) are ranked posets whose covering relations are the colored, directed edges prescribed in
this paragraph.

82.4 Lattices, modular lattices, and distributive lattices. A lattice is a poset for which
any two elements s and t have a unique least upper bound s V t (the join of s and t) and a unique

greatest lower bound sAt (the meet of s and t). That is, whenever s < x and t < x then (sVt) < x,



Figure 2.6: The lattice L from Figure 2.1 has a symmetric chain decomposition.

to

ts

ti2

and whenever x < s and x < t then x < (sAt). A lattice L is necessarily connected, and finiteness
implies that there is a unique maximal element max(L) and a unique minimal element min(L).
For any r,s,t € L, the facts that r A (s At) = (rAs)AtandrV (sVt)=(rVvs)Vt follow easily
from transitivity and antisymmetry of the partial order on L. That is, the meet and join operations
are associative. Thus for a nonempty subset S of L, the meet A, s(s) and the join V¢ s(s) are
well-defined. We take A, ¢ 5(s) = min(L) and V, ¢ 5(s) = max(L) if S is empty.

A lattice L is modular if it is ranked and p(s) + p(t) = p(s V t) + p(s A t) for all s, t € L.
One can easily check that a modular lattice L is a ranked lattice with no open vees. If L is a
lattice with no open vees, then one can see that L is ranked and for any s and t, dist(s,t) =
2p(sVt)—p(s)—p(t) = p(s) + p(t) —2p(s A t); hence L is a modular lattice (see [Sta2] Proposition
3.3.2). A lattice L is distributive if for any r, s, and t in L it is the case that rV (sAt) = (rVs)A(rVvt)
and r A (sVt) = (rAs)V(rAt). One can see that this distributive lattice L is a ranked lattice
with no open vees. It follows that L is also a modular lattice. The following lemma shows how the
modular lattice and diamond-coloring properties can interact. This lemma is used in the proofs of

Theorem 2.6 and Proposition 2.8.



Lemma 2.1 Let L be a diamond-colored modular lattice. Suppose s < t. Suppose s = ry -5 ry ,

13 tp—1 ip ;) J1 g J2 4 J3 Jp—1 Jp

_ _ r_
rp— -+ — Ipg orp=tands=r;>r Sry - 1, >r,=tare two paths from
s up to t. Then {i1,i2,...,%p} = {j1,J2,...,Jp}. Moreover, if r; and r _, are incomparable, then
il :jp-

Proof. We use induction on the length p of the given paths to prove both claims of the lemma
statement. If p = 0, then there is nothing to prove. For our induction hypothesis, we assume
the theorem statement holds whenever p < m for some nonnegative integer m. Suppose now that

p =m+1. We consider two cases: (1) rp—1 =r,_; and (2) rp—1 #1),_;. In case ( ), ifr,_1 =1/

p—1

ip—1

then i, = j,. Moreover, the induction hypothesis applies to the paths s = rg A AEY ro RN
1 2 3 ] 1

rp—1 = r _, and s = r KN r} EEA r), LR r;_l = rp_1. It follows that {i1,i2,...,ip—1} =

{j1,J2,- -+ Jp—1}. Since i, = j,, we conclude that {i1,i2,...,ip—1,%p} = {Jj1,J2,- -, Jp—1,Jp}. Note

that in case (1), r1 <rp_1 = r _1- Sor; and rp | are comparable.

In case (2), if rp—1 # r},_;, then consider x :=r,_1Ar, ;. Sinces <r, 1 ands <1}, 4, it follows
that s < x. Then consider a path s = r{j = g\ ry E rl) L: B r, 3 g r, 5 = x. Note that since
L is diamond-colored, we have x I r,—1 and x KA r _1- Then by the induction hypothesis, we have
{ki, ko, .. kp2,5p} = i1, d2,. .. ip—2,ip—1} and {ki, ko, ..., kp—2,ip} = {J1,J2,-- s Jp—2,Jp—1}
Then, {i1,%2,...,0p—2,0p—1,0p} = {k1, k... kp—2,ip,Jp} = {J1.72:- -+, Jp—2,Jp—1,Jp}, as desired.

Now suppose that r; and r _, are incomparable. It follows that r; and x are incomparable as well.

k k
Then we can apply the induction hypothesis to the paths s = r{j — L2\ ry L} rh LS rg_?’ e
rg_Q =X ﬂ r,—1 and s = rg 5o 2 ro 3. Zp—>1 rp—1. From this, we see that 7; = j,. This
completes the induction step, and the proof. []

The following discussion of edge-colored distributive lattices and certain related vertex-colored
posets encompasses the classical uncolored situation (for example as in Ch. 3 of [Sta2]). These
concepts have antecedents in work of Proctor and Stembridge (see e.g. [Pro3], [Prod], [Stem2],
[Stem1]), but there seems to be no standard treatment of these ideas. The main idea is that for
a certain kind of edge-colored distributive lattice, all the information about the lattice can be
compressed into a much smaller vertex-colored poset in such a way that the information can be

fully recovered.
Edge-colored distributive lattices can be constructed as follows: Let P be a poset with vertices

colored by a set I. An order ideal x from P is a vertex subset of P with the property that u € x

whenever v € x and u < v in P. For order ideals x and y from P, write x <y if x C y (subset



Figure 2.7: The lattice L from Figure 2.1 recognized as J.oior (P).
(In this figure, each order ideal from P is identified by the indices of its maximal vertices.
For example, (2,3) in L denotes the order ideal {vs, vs, v4, v5,v6} in P.
A join irreducible in L is an order ideal (k) whose only maximal element is vy.)

(1,3)

pP= jcolor (L)

V2

containment). This is a partial ordering on the set L of order ideals from P. With respect to this
partial ordering, L is a distributive lattice: x Vy = x Uy (set union) and x Ay = xNy (set
intersection) for all x,y € L. One can easily see that x — y in L if and only if x C y (proper
containment) and y \ x = {v} for some maximal element v of y (thought of as a subposet of P

in the induced order). In this case, we declare that edgecolor;(x — y) := vertexcolorp(v),
making L an edge-colored distributive lattice. One can easily check that whenever (;:} is an

edge-colored subgraph of the Hasse diagram for L, then ¢ = [ and j = k. Therefore L has
the diamond-coloring property. The diamond-colored distributive lattice just constructed is given
special notation: we write L := Jepor(P). See Figure 2.7. Note that if P = @ as vertex-colored
posets, then Jeoor (P) =2 Jeoior (Q) as edge-colored posets. Moreover, L is ranked with rank function
given by p(t) = |t|, the number of elements in the subset t from P. In particular, the length of L
is |P|.

10



The process described in the previous paragraph can be reversed. Given a diamond-colored
distributive lattice L, an element x is join irreducible if x # min(L) and whenever x =y V z then
x =y or x = z. One can see that x is join irreducible if and only if x has precisely one descendant x’
in L, i.e. |{x'|x" — x}| = 1. Let P be the set of all join irreducible elements of L with the induced
partial ordering. Color the vertices of P by the rule: vertexcolorp(x) := edgecolor; (x’ — x).
We call P the vertex-colored poset of join irreducibles and denote it by P := jeoor(L). If K =2 L
is an isomorphism of diamond-colored lattices, then jeoior(K) = jeolor(L) is an isomorphism of

vertex-colored posets.

Example 2.2 Let P be an antichain whose elements all have the same color. Then the elements
of L := Jeoior(P) are just the subsets of P. In particular, [L| = 2/Pl. Moreover, the rank py(t) of a
subset t from P is just |t|. The join irreducible elements of L are just the singleton subsets of P.
Covering relations in L are easy to describe: s — t if and only if t is formed from s by adding to s

exactly one element from P\ s. Any such lattice L is called a Boolean lattice. []

What follows is a dual to the above constructions of edge-colored distributive lattices. A filter
from a vertex-colored poset P is a subset x with the property that if u € x and v < v in P then
v € x. Note that for x C P, x is a filter if and only if the set complement P \ x is an order ideal.
Now partially order all filters from P by reverse containment: x <y if and only if x D y for filters
x,y from P. The resulting partially ordered set L is a distributive lattice. We color the edges of L
as we did in the case of order ideals. The result is a diamond-colored distributive lattice which we
denote by L = Mgyor(P). In the other direction, given a diamond-colored distributive lattice L,
we say x € L is meet irreducible if and only if x # max(L) and whenever x =y Az then x =y or
x = z. One can see that x is meet irreducible if and only if x has exactly one ancestor. Now consider
the set P of meet irreducible elements in L with the order induced from L. Color the vertices of P
in the same way we colored the vertices of the poset of join irreducibles. The vertex-colored poset
P is the poset of meet irreducibles for L. Write P = meeor(L). We have meojor (P) = Meoior (Q) if
P = @ (an isomorphism of vertex-colored posets). We also have M oior(L) = Meoior (K) if L = K

(an isomorphism of diamond-colored distributive lattices).

The next result shows that the operations J.oor (respectively, Meoior) and jeoior (respectively,
Meolor) are inverses in a certain sense. This is a straightforward generalization of the classical
Fundamental Theorem of Finite Distributive Lattices (cf. Theorem 3.4.1 of [Sta2]). The latter

result is formulated for uncolored posets and distributive lattices.

11



Theorem 2.3 (The Fundamental Theorem of Finite Diamond-colored Distributive
Lattices) (1) Let L be any diamond-colored distributive lattice. Then it is the case that
L = Jeotor(eotor (L)) = Meoior(Meoror (L)).  (2) Let P be any vertex-colored poset. Then P =
Jeotor (Jeotor (P)) = Meolor (Meotor (P))-

Proof. For (1), let P := jeoior(L). Let min = min(L) be the unique minimal element of L.
For any x € L set Zx := {y € P|y <p x}. Observe that Zx is an order ideal from P. Clearly
Vyez, (¥) <1 x. We claim that x = Vyez,(y). To see this we induct on the rank of x. If
x = min, then Zy = (), so the desired result follows. For our induction hypothesis, we suppose
that z = Vyez, (y) for all z with pr(z) < k for some integer £ > 0. Suppose now that x € L
with pr(x) = k + 1. First, consider the case that x is join irreducible. Then x € Zx, so the result
X = Vyerz, (y) follows immediately. Now suppose x is not join irreducible. Then we may write
x =sVtforsomes #x #t. Sinces <p, (sVt)andt <; (sVt), thens <; x and t <p, x.
In particular, pr(s) < k and pr(t) < k. So the induction hypothesis applies to s and t. That is,
s = Vyer,(y) and t = Vyez, (y). Note also that (Zs UZy) € Zx. Then,

x=sVt= vyE(IsUIt)(Y) <L vyéIx (Y) <L X,

so we have equality all the way through. That is, Vyez, (y) = x.

We also claim that for any x € L, if x = Vyez(y) for some order ideal Z from P, then Z = Zy and
|Zx| = pr(x). To see this, we use induction on the rank of x. When pr(x) = 0, then x = min. In
this case, if x = Vyez(y) for some order ideal Z from P, then it must be the case that Z = (), hence
T = Iy and |Zx| = pr(x). For our induction hypothesis, suppose the claim holds for all elements of
L with rank no more than k for some positive integer k. Next suppose that for some x € L we have
pr(x) = k+1 and x = Vyez(y) for some order ideal Z from P. Choose a maximal element z in 7.
Then let J := 7 \ {z}. Clearly J is an order ideal from P. Let x’ := Vycs(y). Clearly x’ <j, x.
In order to apply the induction hypothesis to x’, we need x’ <, x. Suppose otherwise, so x’ = x.
Then x’ # min, and hence J # ). Further, X' =x =2V (Vyes(y)) = z V X’ implies that z < x'.
SozAx =z Butthenz=2zAx =2zA (Vycs(y)) = Vyes(zAy). Since z is join irreducible, then
zANy =1z for all y € J. Since J # (), then for some y € J we have z < y. But z was chosen to
be maximal in Z, and hence z £, y for all y € J = Z\ {z}. This is a contradiction, so we conclude
that x" <z, x. Then pp(x’) < pr(x), so the induction hypothesis applies to x'. We get J = Zy.
In particular, |Z| = |Zx/| + 1. Applying this reasoning to the particular order ideal Zx we conclude
that |Zx| = |Zx/| + 1. Of course if t € Z, then by definition t <;, x. Hence t € Zy. This shows that

12



T C Zx. Since |Z| = |Zx|, we conclude that Z = Zy. Next suppose x' <j, x” <y, x for some x” € L.
Then Z C Iy C Iy, both proper containments. (Otherwise, X" = Vyer ,(y) = Vyez,, (¥) = X",
etc.) So |Zy| < |Zxr| < |Zx|. But |Ix| + 1 = |Zx|, so both of the preceding inequalities cannot be
strict. We conclude that there is no x” € L for which x’ <; x” < x. That is, x covers x’. By
the inductive hypothesis we have pr(x') = |Zx/|. So pr(x) = pr(x') + 1 = |Zx| + 1 = |Zx|. This
completes the proof of our claim.

Now consider the function ¢ : L — Je0r(P) defined by ¢(x) := Zyx. We show that ¢ is a
bijection. If Zg = I, then s = Vyez, (¥) = Vyez, (¥) = t. In particular, ¢ is injective. Now suppose

7 is an order ideal from P. Let x := Vyez(y). By the preceding paragraph, 7 = Zx. So, ¢ is

surjective.

We wish to show that s - t in L if and only if Zg LR T in Jeoior (P). First, suppose s “tin L.
It follows from the definitions that Zs C Zy. Now s # t since t covers s in L. Since Zg = ¢(s) and
Zy = ¢(t) and ¢ is injective, then Zg # Z. So Iy C Zy is a proper containment. Suppose Zg C Z C Zy.
Since ¢ is surjective, then Z = Zy for some x € L. But then Vycr,(y) <r Vyez.(¥) <1 Vyez. (¥):
and hence s <p, x <p t. Since t covers s, then s = x or x = t. Hence Zg — Tt in Jepior(P).
In particular, there is some z € P such that Zg = Zy \ {z}. Moreover, by the definition of J.o0r,
Is EX Tt in Jeoior(P) where j = vertexcolorp(z). Now j is just the color of the edge z’' 3, 7 for

the unique descendant z’ of z in L. If z = t, then necessarily z’ = s, and so j = i.

So now suppose that z # t. So we have z <, t, and hence Z, C Zy. We claim that z’ <;, s. To see
this, apply the reasoning of the preceding paragraph to conclude that Z, C Z, with Z, = Z, U{z}.
It follows that Z,, C Zy. Since z € I, I, C Iy, and Zg = Iy \ {z}, we get Z,, C Zs. Then
7' = Vyer, (y) <1 Vyez.(y) = s. Since z’ <[, s, there is a path (2’ = z(, 2}, ...,2, = s) such that

for 1 < g < p it is the case that z; covers z,_;. In particular, for each 1 < ¢ < p there is a color i,

/

—

such that z;_; — z),. Since ' = z and 2’ — 2} and since L has no open vees, then there is a unique
. . . i1 J .

z1 such that z — z; and z] — z;. Since L is diamond-colored, then z — z; and z| = z;. Continue

in this way, eventually obtaining a path (z = zg, 21,22, ...,24) such that for 1 < ¢ < p we have

/

J .
0~ Zq In particular, s <;, z, and z <y, z,, so sV z <, 7).

Zg 1 A zq and for 0 < ¢ < p we have z
We claim that z and s are not comparable. Otherwise, s <, z or z <7, s. In the latter case, we
would have z € Zg, which is not true. In the former case, s < z <, t. Since t covers s, then we
must have s = z. But then z € Zg, which is not true. Since s and z are not comparable, then

s <sVz. SincesVz <y z, and s % z,, it follows that z, =s Vz. ButsVz= (Vyer,(y))Vz =t,
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and hence t < z,. Since s is covered by both z, and t, this can only mean that z, = t. Hence
j=i. So Ty 5 Ty in Jupior(P).

On the other hand, suppose Zg LR Tt in Jeoior (P). Then Zg = Zg \ {z} for some z € P, where
i = vertexcolor(z). That is, 2’/ %z in L, where z' is the unique descendant of z in L. Then
s <, t. Since pr(s) = |Zs| and pr(t) = |Z¢|, the s — t. Let j be the color of this edge, so s ENY
The preceding two paragraphs showed that we must have Zg EN Z¢. Then ¢ = j.

We conclude that ¢ is an edge and edge-color preserving bijection from L to Jeoior (jeotor (P))-
It follows that L = Jeoior(jeotor (P)). The argument that L = M yor (Meoror (P)) is entirely similar.

This completes the proof of (1).

For (2), we only show P 2 jcoior (Jeotor (P)) since the argument that P 2 moior (Meoior (P)) is
entirely similar. Let L := Jeoior (P), and let Q := jeoior (L). For any v € P, let (v) :=={u € P|u<p
v}. Observe that (v) is an order ideal with v as its unique maximal element. It follows that for an
order ideal Z from P we have Z — (v) in L if and only if Z = (v) \ {v}. Hence, (v) is join irreducible
in L. So we define a mapping ¢ : P — @ by ¢ (v) := (v).

We claim that 1 is a bijection. Indeed, if ¥ (u) = ¢ (v) for u,v € P, then (u) = (v). But then
u <pwv and v <p u. Therefore u = v, and hence ¥ is injective. On the other hand, if 7 is an order
ideal from P that is join irreducible in L, then Z must have a unique maximal element, say v. But
then Z = (v) = ¥ (v), so ¥ is injective.

Finally we show 1 preserves edges and vertex colors. If v — v in P, then (u) <¢g (v). Now if
(u) <g (2) <@ (v), it follows that u <p z <p v. Since v covers u in P, then u = z or z = v, and
hence (u) = (z) or (z) = (v). That is, v — v in P implies that ¢(u) — ¥ (v) in Q. Conversely, if
(u) — (v) in @, then we must have u <p v in P. Suppose u <p z <p v. Then one easily sees that
(u) <g (2) <p (v), and hence (u) = (z) or (z) = (v). Then u = z or z = v. That is, ¥(u) — ¥ (v)
in @ implies that u — v in P. As for vertex colors, observe that vertexcolorp(v) = i if and only

if (v)\ {v} 4 (v) in L if and only if vertexcolorg(v(v)) = i. This completes the proof. L]

As a consequence, we note that a necessary and sufficient condition for an edge-colored dis-
tributive lattice L to be isomorphic (as an edge-colored poset) to Jeoior (P) or Meoior(P) for some
vertex-colored poset P is for L to have the diamond coloring property. We will often refer to P

simply as the poset of irreducibles.

The details justifying the next result are routine.
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Figure 2.8: An illustration of the principles that Jeoor(P1 @ Pa) = Jeotor (P1) X Jeotor (P2)
and jeolor (L1 X L2) 2 jeotor (L1) @ jeolor (L2), cf. Proposition 2.4.
(As in Figure 2.7, here each order ideal from @ is identified by the indices of its maximal vertices.
A join irreducible in K is an order ideal (k) whose only maximal element is vy.)

(1,3)

K= Jcolor(Q)

V2

Proposition 2.4 Let P and () be posets with vertices colored by a set I, and let K and L be
diamond-colored distributive lattices with edges colored by I. In what follows, *, o, &, X, and & ac-
count for colors on vertices or edges as appropriate. (1) Then Jeoior(P*) 22 (Jeotor (P))*, Jeotor (P7) =
(Jeotor (P))? (recoloring), and J coior (P®Q) = Jeotor (P) X Jeotor (Q)- (2) Also, jeotor (L*) = (jeotor (L)),
Jeolor (L) = (Jeotor (L))7, and jeolor(L X K) = jeolor(L) © jeolor (K).  (3) Further, Meior(P*)
(Meotor(P))*; Meotor (P?) = (Meotor (P))?, and Megior (P @ Q) = Megior (P) X Meolor (Q)- (4) In addi-
tion it is the case that meoor (L*) = (Meotor (L)), Meotor (L) = (Meotor (L)), and meppor(L X K) =
Weolor (L) © Meolor (K). (5) If K = L, then jeolor(K) = Mepor(L). If P = Q, then Jeoior(P) =
Meotor (Q)-

§2.5 Sublattices. Let L be a lattice with partial ordering <; and meet and join operations

I

Ar and Vp respectively. Let K be a vertex subset of L. Suppose that K has a lattice partial
ordering <y of its own with meet and join operations Ax and Vg respectively. We say K is a

sublattice of L if for all x and y in K we have x Ak y =xApy and x Vg y =xVpy. It is easy to
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see that if K is a sublattice of L then for all x and y in K we have x < y if and only if x < y.

That is, K is a weak subposet of L and a subposet in the induced order.

Lemma 2.5 Suppose K is a sublattice of L. Suppose K and L are ranked with rank functions
p) and p(F) respectively. Suppose K and L have the same length. Then p)(x) = p(F)(x) for all

x in K, and moreover for all x and y in K we have x — y in K if and only if x — y in L.

Proof. Let | denote the common length of the ranked posets K and L. Take a chain in K
min(K) = xg — x1; — --- — x; = max(K) of longest length. Then, xg <y x1 <p -+ <p Xj, SO
P (x;) > 1+ p(xq). Since L has length [, this must mean that p(")(x;) = I and p(&)(xq) = 0.
So x = min(L) and x; = max(L).

Now take any x in K. Then x = x,. in some longest chain xg — x; — --- — x; in K. Now
(P (x0), pE) (x1), ..., pF) (x7) = (0,1,...,1). Since (p'F)(xq), pP)(x1), ..., p")(x;) is an increas-
ing sequence of integers with p()(xq) and p¥)(x;) = 1, then (p¥)(xq), p'¥)(x1),...,p") (x;) =
(0,1,...,1) also. Hence pF)(x) = p)(x,) = pF)(x,) = pP) (x).

Finally, let x and y be elements of K. Assume x — y in K. Then z <x y and p)(x) +1 =
P (y). Sox <y in L and pF)(x) +1 = pI(y). Hence x — y is a covering relation in L as
well. Clearly this argument reverses to show that if x — y in L then x — y in K. []

When K satisfies the hypotheses of Lemma 2.5, we say K is a full length sublattice of L. Suppose
L is an edge-colored lattice. Suppose K is a sublattice of L such that x — y in L whenever x — y
in K. If K is also edge-colored and if the colors on edges of K match the colors when we view these
as edges in L, then we say K is an edge-colored sublattice of L. The previous lemma gives us one
way to know whether the edges of a sublattice are also edges of the ‘parent’ lattice. We now turn

our attention to the special case of diamond-colored distributive lattices.

Theorem 2.6 (1) Let P and @ be vertex-colored posets with vertices colored by a set I. Suppose
that for each i € I, the vertices of color i in P coincide with the vertices of color i in @ (so
in particular P = (@) as vertex sets). Further suppose that P is a weak subposet of (). Let
K := Jeoior(Q) and L := Jooior(P). Then K is a full-length edge-colored sublattice of L. (2)
Conversely, suppose L is a diamond-colored distributive lattice with edges colored by a set I.
Suppose K is a full-length edge-colored sublattice of L (so K is necessarily a diamond-colored
distributive lattice). Let P := jeoior(L) and Q := jeoior(K). Then P = P’ (an isomorphism of
vertex-colored posets) where P’ is weak-subposet of ), P’ = @ as vertex sets, and the color of a

vertex in P’ is the same as its color when viewed as a vertex in Q.
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Proof. The proof of (1) is easy. Let x be an order ideal from Q. It follows from the definitions
that x is also an order ideal from P. So we get an inclusion K = Jep0r(Q) C Jeoior(P) = L. The
length of K (resp. L) is the cardinality of @ (resp. P), and since ) = P as vertex sets then K and
L have the same length. Finally, note that for order ideals x and y from Q, xVgy = xUy =xV 1y
and X Ak y =XNy =XALYy.

For the proof of (2), we begin by choosing a join irreducible x in L. Let Fx :={y € K |x <1 y}.
We claim that Fy is a filter in K with a unique minimal element. First, if y € Fx and y < y’ for
some y’ € K, then y <y y’, and by transitivity of the partial order on L it follows that x <j y’'.
Hence y’ € Fx. This shows that Fy is a filter in K. Second, if y and y’ are both minimal elements
of Fx, then whenever x <; y and x <y y’ we will have x <y (y AL y’') and so x <;, (y Ak y').
Hence (y Ak y') € Fx. Now (y Axy') <k y and (y Ak y’') <k y'. But y and y’ are minimal
elements of Fx. So (y Ak y') =y and (y Ak y') =y, i.e. y =y'. So Fx has a unique minimal
element.

Let z be the unique minimal element of Fx, let Dg(z) C K be the set of descendants of z in
K, and let y be the unique descendant of x in L. We claim that for any z’' € Dg(z) we have
xVyz =z and x A\, zZ = y. To see this, note that when z’ — z in K, we cannot have x <, z’ or
else z will not be minimal in Fx. So we cannot have z’ = x V[, z’. Therefore, z’ <; x V1, z’. Then
P (x vy 2') > p)(z). But since x < z and 2z’ <y, z, we have p!M)(x vy z/) < p)(z). Hence
pB(xvyz') = pF)(z). It now follows that z = xV z. Next, since x £, z, then x A1z’ <y x. But
PP (xnpz) = pB(x)+p B () — pB) (x Ap2') = pB) (%) + p B (2) — 1= pB) (x A1 7)) = ptP)(x) — 1.
Thus x Az, 2’ — x. But since y is the only element of L covered by x, then x Ay, 7z’ =y.

Next we claim that z has exactly one descendant in K, i.e. |Di(z)| = 1. Let z1,22 € Dk (z).
Let z' := z1 A z2. We will show that 2’ Vy x =z and 2 A, x = y. Sincey <y z; (i = 1,2) by
the previous paragraph, then y < z; Af zo = 21 Ak z9 = z'. Since we also have y <y x, then
y <p z' A x. Since z Ap, x <1, x and y — X, the only way to have y < 2z’ Ap xisif x =2 A x.
But then we would have x <, z’, which would mean z’ € Fy. Then z <y z’ by the minimality of z.
This contradicts the fact that z’ <x z; <x z. Soy = z'A;x. Next, using a result from the previous
paragraph we see that z'Vyx = (21 Ax22)Vrx = (21 AL22) VX = (21 VL X)AL(22VLX) = ZALZ = 2.
Now, ptB)(2) + ptP) (x) = pB)(2) + pE) (y). Since pB)(y) = p)(x) —1, we have p(z') = p¥)(z) — 1.
Hence p&) (') = pL) (z;) for ¢ = 1,2. This can only happen if z; = 2’ = z; A z2 = z3. Hence

z1 = z9. Next we argue that Dg(z) is nonempty. We have that x <; z and (since x is join
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irreducible) p)(x) > 0. Therefore p&)(z) > 0, so z is not the unique minimal element of K. In

particular, Dk (z) is nonempty. So z is join irreducible in K.

With P and @ as in the theorem statement, we define a function ¢ : P — @ by ¢(x) = z,
where x and z are as in the preceding paragraphs. Next we show that ¢ is surjective. Let z € L
be any join irreducible in K. Suppose z is also join irreducible in L. It follows that z is the unique

minimal element of F,. That is, z = ¢(z).

So now suppose z is not join irreducible in L. Let z’' be the unique element of K such that

z' — z. Define a set S, :={y € L\ K|y VL 2’ = z}. Since z is not join irreducible in L, it follows
that S, is nonempty. We claim S, has a unique minimal element. Indeed, suppose y and y’ are
minimal elements in S,. Then (yALy' )Vez' = (yVez )AL (yVeZz)=2zApz =1z Sincey < z
and y' <7 z,then y ALy’ <pz If (yAry') € K, then (y AL y') <k z. Then it must be the case
that (y Ary’) <k 2z’ since any path from y Ay y’ up to z and that stays in K must pass through
z'. But then we would have (y Apy’) Vi 2’ = Z' instead of (y AL y') Vp 2’ = z. Then (y Apy’) is
/

in L\ K and hence in S,. Minimality of y and y’ in S, then forces us to have y = (y AL y') =y’

Let x denote the unique minimal element of S,.

We have two claims: x is join irreducible in L, and z is the unique minimal element of Fx. Let
x' = x Ap 7. Since p(x') = p(x) + p(z') — p(z) = p(x) — 1, then X’ — x. Suppose x” — x for
some x” # x’. It cannot be the case that x” <, z’, because otherwise x’ <7, z’ and x” <, z’ means
that x = (x' Vi x”) < 7/, a contradiction. Further, we have that x” € K. Otherwise we would
have x” € L\ K, and since x” €1, 2’ then (x” V1 z’') = z. But then x” would be in S,, violating
minimality of x. So x” € K and x” £ z’. Then there is a path from x” up to z that stays in
K. But since z is join irreducible in K, then such a path must pass through z’, implying that
x" <k 7'. But then x” <, 7/, a contradiction. Therefore x’ can be the only descendant of x, hence
x is join irreducible in L. Now if w € Fx, then from the facts that x <; w and x < z we get
x <r, (WAL z). Since (WAL z) = (W Ak z), then (w AL z) € K, so we cannot have x = (w AL z).
Then x <1, (w A z). If (WAL z) <y z, then we would have x < z’, which is not the case. So

(w AL z) =z, and hence z <;, w. So z is the unique minimal element of Fx. That is, z = ¢(x).

Our work in the preceding paragraphs shows that any join irreducible in K is the image under ¢
of a join irreducible in L. That is, ¢ is surjective. Since |P| = |Q| (K and L have the same length),
then ¢ is therefore a bijection. Suppose that z = ¢(x) # x for some x € P and z € Q. Let x’ be the

unique descendant of x in L, with x’ %, x for some color i. Let 2 be the unique descendant of z in
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. J . i=i i i ip—1 i
K, with z’ = z for some color j. Choose paths X' =rg — X =11 2Ty = > Ip_] DIy =2
J1 J2 J3 Jp—1 =3
and x =rj) = 1] Sry = -5 2 =vr, | = r, =z from X' up to z. One path goes

through x and the other through z’. In particular, Lemma 2.1 applies, so ¢ = i; = j, = j. Since

vertexcolorp(x) =i = j and vertexcolorg(z) = j = 1, it follows that ¢ preserves vertex colors.

To complete the proof of (2), we show that for u and v in P, u <p v implies that ¢(u) <g ¢(v).
To see this, first note that u and v are join irreducible elements of L with u <7 v. Consider Fy
and Fy. If w € 75, then w € K and v <; w. Then u <; w as well, so w € F,. So Fy 2 Fy.
Therefore ¢p(u) <r, ¢(v). Since ¢(u) and ¢(v) are both in K, then we have ¢(u) <g ¢(v). Viewing
¢(u) and ¢(v) as elements of @, we then have ¢(u) <g ¢(v). L]

To set up our next result we require some further notation. For elements s,t in any poset R,
the interval [s, t] is the set {x € R|s <p x <p t} with partial order induced by R. One can check
that the Hasse diagram for [s,t] is just the induced subgraph of R on the vertices of [s,t]. Then
we can regard [s, t] as an edge-colored subposet of R in the induced order, if R is edge-colored. In
a diamond-colored modular lattice L, it is not hard to see that any interval [s,t] is naturally an
edge-colored sublattice of L. Our next result concerns the distributive lattice structure of certain

intervals in diamond-colored distributive lattices.

Proposition 2.7 Let L be a diamond-colored distributive lattice. Let t € L. Let D be a
subset of the descendants of t. For any s € D, let vertexcolorp(s) := edgecolor; (s — t). Let
r = Asep(s). Then [x,t] = Meyor(D) and D C [x,t] if and only if x = r. Similarly let A be
a subset of the ancestors of t. For any s € A, let vertexcolor(s) := edgecolor;(t — s). Let
u:= V. a(s). Then [t,x] = J.oor(A) and A C [t,x] if and only if x = u.

Proof. In this proof we only address the claim concerning the set D since the proof for the
claim concerning A is entirely similar. In the notation of the proposition statement, suppose
[x,t] = Meoior (D) and D C [x,t]. Let ¢ : Meoior (D) — [x,t] be the edge and edge-color preserving
bijection. Since the unique maximal (resp. minimal) elements must correspond under the bijection
¢, then ¢(0) = t (resp. ¢(D) = x). For any s € D we have {s} — 0 in My (D). Then ¢({s})
must be covered by t. So ¢(D) C D, and since ¢ is a bijection we have that ¢(D) = D. Then
d(D) = ¢p(Usep(s)) = Nsep(¢p({s})), where the meet is computed in L. But since ¢(D) = D, then
NseDn(d({s})) = Asep(s), which is just r. That is, ¢(D) =r. Then x =r.

For the converse, suppose that x = r. Now each s € D is a descendant of t, so s <p t. By

the definition of r we have r <p s. So s € [r,t]. That is, D C [r,x]. Note that since all elements
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of D are pairwise incomparable, then the filters from D are just the subsets of D. For a subset
S of D, it follows from the definitions that r <j Ascs(s) <r t, so Ases(s) € [r,t]. Now define
¥ Megior (D) — [r, t] by the rule (S) := Ases(s) for each subset S C D. Note that () =t
and (D) = r. We claim that if S L Tin Meotor (D) then (S) 4 (T) in [r,t]. Now S L Tin
Meoior (D) if and only if |S| = |T'| + 1, S = T U {s} for some s € D, and vertexcolorp(s) =i. To
establish our claim we induct on the size of |S|. If |S| = 1 then S = {s} for some s € D and T' = ().
Then ¢(S) = s and ¢(T) = t. Clearly s .t in this case. For our induction hypothesis we assume
that X - Y in Meoior (D) implies 1 (X) 5N ¥ (Y') whenever X has no more than & elements, for some
positive integer k. Now suppose S - T with |IS|=k+1. So |S|=|T|+1, S =TU{s} for some
s € D, and vertexcolorp(s) =i. Let Y := T\ {u} for some u € T with vertexcolorp(u) = j,
and let X = S\ {u}. Then Y = X\{s}. Then T > YV, X 5 Y, and S % X. Now by the induction
hypothesis, (1) EN P(Y) and ¢(X) 4 P(Y). Then ¥(Y) = (¢(X) vV ¢(T)). We claim that
P(S) = (W(X)AY(T)). Let z=(Y). Then »(X)=zAs, Y(T) =z Au, and ¥(S) =z A (s Au).
So(S)=zA(sAu)=(zAz)A(sAu)=(zAs)A(zAu) = (Y(X)AY(T)). Our diamond-colored
distributive lattice L can have no open vees, and since ¥ (7T") EX YY) and (X)) A P(Y') we must
therefore have () ER P(X) and ¥(5) 2 (7). This completes the induction step, and the proof

of our claim.

Let d = |D|. Let D = S© — (1) — 5@ ...  §ld=1) _, §(d) — § be a chain of maximal
length in Meyor(D). Then r = 9(D) — ¢(SM) — --- — (SE) — ¢(S@) = ¢, a chain
of maximal length in [r,t]. In particular, the length of [r,t] is d. In the paragraph preceding
the proposition it was noted that intervals in diamond-colored modular lattices are edge-colored
sublattices. We now invoke the distributivity hypothesis for L: in this setting we have that [r, t]
is a diamond-colored distributive lattice. Since [r, t] has length d as a ranked poset, it follows that
[r,t] must have precisely d meet irreducibles. But each s € D is meet irreducible in [r, t], so the set

D must account for all meet irreducibles in [r,t]. Therefore, [r,t] 2 Moo (D) by Theorem 2.3.[ ]

Note that any two descendants (respectively ancestors) of a given element of a poset are incom-
parable. It follows then that the intervals [r,t] and [t,u] of Proposition 2.7 are Boolean lattices,

cf. Example 2.2.
The next result concerns the structure of J-components of a diamond-colored modular lattice.

Proposition 2.8 Let L be a diamond-colored modular lattice with edge colors from a set I. If

t € L and J C I, then comp(t) is the Hasse diagram for a diamond-colored modular lattice.
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Moreover, comp(t) is a sublattice of L, and a covering relation in comp;(t) is also a covering

relation in L. If L is a distributive lattice, then so is comp;(t).

Proof. Let K := comp;(t). Then K is a poset with partial order <y given as follows: For x
and y in K, x <g y if and only if there is a set {s, € K |0 < ¢ < p} for which x = sg AN
So LG o Sp—1 i, sp = y is a sequence of edges in L with each i, € J. To see that this is a
partial order, observe that x <y y implies that x <; y. It is also easy to see that the edges p ER q

in K are precisely the covering relations for this partial order.

To complete the proof, it suffices to show the following: xVy y and x Ap y are in K whenever
x,y € K. We actually make the stronger claim that any shortest path from x to y in K is also
a shortest path in L, and moreover x Vi y € K and x Apy € K. Suppose distx(x,y) = p. By
exchanging a ‘valley’ for a ‘peak’, then any shortest path in K from x to y can be modified to be
‘single-peaked’ and to use the same multiset of edge colors as used in the original shortest path.
In particular, the resulting single-peaked path will be in K. So we may assume we have a shortest
path x =rg a, ry B3 r, g rgi1 L. 4 r, =y from x to y in K. Clearly, then, we have
x V5 y <r rq. So we can find a path from x up to r, that goes through xVr y. By Lemma 2.1, it
follows that this path will only use edges with colors from the set J. In other words, we get a path
from x up to xVpy that stays in K. Similarly argue that there is a path from y up to xVy that
stays in K. Putting these two together we have a path from x to y that has length no more than p.
IfxVypy <p ry, then we will have a path in K shorter than our given shortest path, a contradiction.
Therefore x Vi, y = ry € K. It follows that the shortest path in K from x to y given originally is
also shortest in L, since we have dist(x,y) = [p(xVry) —p(x)]+[p(xVLy) — p(y)] = distg(x,y).

A similar argument shows that x Ay y is also in K, thus completing the proof. []

8§2.6 A first look at the M-structure property. Let R be a ranked poset whose Hasse
diagram edges are colored with colors taken from a totally ordered set I,, of cardinality n. For i € I,
and s in R, set m;(s) := pi(s) — d;(s) = 2p;(s) — l;(s), where p;, d;, and [; are defined as in §2.3. Fix
an n-dimensional real vector space V' with basis {w; }ier,. Define a mapping wtg : R — V by the
rule wtgr(s) := > ;c; mi(s)wi, and call this vector the weight of s. Given a matrix M = (Myq)p 4er,,,

then for fixed i € I, let M be the “ith row” vector 3 M;jw;. We say R has the M -structure

J€In
property if wtp(s) + M®) = wtg(t) whenever s L t for some i € I, that is, for all j € I,, we have
mj(s) + M;; = m;(t) if s L t. We also say R is an M-structured poset. It can be easily shown

that if the edge color function edgecolory : £(R) — I, is surjective, then the all of the M;;’s
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Figure 2.9: For each element t of the lattice L from Figure 2.1,
we compute wtr(t) = (my(t), ma(t)).

(1,2)

are uniquely determined integers and that M;; = 2 for all ¢ € I,,. One can check by hand that the
edge-colored distributive lattice of Figure 2.9 has the M-structure property for the matrix M =
( 21 _21 ) . The following result shows how the M-structure property interacts with some of our
usual poset operations.

Proposition 2.9 Let Q and R be ranked posets with edges colored by a set I,,. Let M = (Mj); jer,
be a real matrix. Suppose ) and R have the M-structure property. (1) Then so do Q ® R, Q X R,
and R*. Let J C I, and let M' be the submatrix (M;;); je; of M. Then for each t € R, the
J-component comp ;(t) is a ranked poset with edges colored by J and with the M’-structure
property. (2) Suppose now that M is nonsingular. Then for any nonnegative integer k, /\k(R)
and S¥(R) have the M-structure property. Moreover, if R is connected and wtg(s) = wtg(t), then
p(s) = p(t).

Proof. For (1), that Q® R has the M-structure property is an easy consequence of the definitions.
Now consider R*. One can easily check that m;(x*) = —m;(x) for all j € I,, and x € R. Suppose
t* 5 s* is an edge in R*. Then s % tin R. So for any j € I, we have m;(s) + M;; = m;(t).

Then —m;(s*) + M;; = —m;(t*), whence m;(s*) = m;(t*) + M;;. So R* has the M-structure
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property. Next consider @ x R. Let p, 8

7, and m be the relevant color ¢ functions for the

edge-colored ranked poset @@ x R. For p € Q and s € R, one can easily check that the color ¢
component comp,;(p,s) of (p,s) in @ x R is edge-color isomorphic to comp,(p) x comp;(s). Then
pX(p,s) = p2(p) +pfi(s) and 6% (p,s) = 62 (p) +05(s). It follows that mX(p,s) = m2(p) +mfi(s).
Now suppose (p, s) LR (q,t) in @ x R. Then either p BR qwiths=tors %, t with p = q. Without
loss of generality, we assume that p LR q with s = t. Then for any j € I,,, m(p,s) + M;; =
mZQ(p) + M;j +mE(s) = m?(q) +mlt(t) = mX(q,t). So @ x R has the M-structure property.
Let C := comp,(t) for some fixed t € R and J C I,. Let x € C be such that p(x) =
min{p(z) |z € C}. Similarly let y € C be such that p(y) = max{p(z)|z € C}. Define p' : C —
{0,...,p(y) — p(x)} by the rule p'(z) := p(z) — p(x). One can easily check now that p’ is a rank
function for C. For i € J and p € C, let p}(p), d.(p), and m/(p) denote the respective color ¢
functions for the edge-colored ranked poset C. For any p € C and ¢ € J, we have all vertices
and edges of comp;(p) contained in C. So it follows that p}(p) = pi(p) and 0/(p) = d;(p). Then

!/

mi(p) = m;(p), where m;(p) is calculated in R. Then for i € J and p 5N q in C, it now follows

1

that m}(p) + M;; = m’(q) for all j € J. Then C has the M'-structure property.

For (2), we suppose M is nonsingular. Suppose R is connected and wtg(s) = wtr(t). Since R

is connected it is possible to find a path P from s to t. For each i € I,,, let

a; .= |{p LR q|p and q are successive elements in the path P with p before q}|
and let

d; .= |{p LR q|q and p are successive elements in the path P with q before p}|.

Think of a; (resp. d;) as counting ‘ascents’ (resp. ‘descents’) of color 7 in the path P. Then
wtr(s) + Y (a; — di) MY = wip(t),
i€lp

which implies that >, ; (a; — d;)M () = 0. Since M is nonsingular, then the M)’s are linearly
independent. Then a; = d; for each ¢ € I,,. Since we add one to the rank of s for each ascent in P
and subtract one for each descent as we move along P from s to t, it follows that p(s) = p(t).

Keeping the hypothesis that M is nonsingular, we will show that A*(R) has the M-structure
property. (Since the argument that S¥(R) is M-structured is similar to the the argument for the
kth exterior power, we omit the details of that proof.) We follow the notation of §2.3. For any
s € N¥(R), define p;(s) = ZUJES mi(v;), where m;(v;) = pi(vj) — 6;(v;) is calculated in R for
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each v;. Then define u(s) := (ui(s))ier,. First, note that if s Lt in AF(R), then (s — t,t —
s) = ({vp}, {vg}) with v, EN vy in R. Then mj(v,) + M;; = mj(vg) in R. It now follows that
pi(8) + Mij = (34, es M (0r)) + Mij = m(vp) + Mij + 32, s, mi(0r) = m5(vg) + 20, 20y, M5 (0r) =
> v,et Mj(vr) = pj(t). From this it follows that u(s) + MO = p(t).

Now suppose s =19 511 21y 2% -+ I, r, =s in A"(R). Then u(s) = u(s) + Sier, aiM @,
where a; counts the number of times there is an edge of color i in our given path from s to itself.
S0, D ic 1, @M () = 0. Since M is nonsingular, then the M®)’s are linearly independent. So each
a; = 0. Hence A\®(R) is acyclic, so we may define a partial order on A"(R) in the following
way: s < t if and only if there is an ‘ascending’ path s = rg a, ri REA ro LS r, =t
from s to t in A\"(R). Suppose s % t and that s < x < t. So then we have an ascending
path s = ry a, ry i iq;l rg_1 Z r, =X igl | iﬂQ l—p> r, = t. In this case we get

MO = Zieln aZ-M(i), where a; is as before. Then a; = J;;, from which we see that x =s or x = t.
Hence each s 5 t is a covering relation for the partial order on /\k(R)

Finally, we show that /\k (R) is ranked. It suffices to show this on each connected component
of A¥(R). So let C be such a connected component. An ordered pair of elements (x,y) from
/\k(R) is ascending of color i if x A y and descending of color i if y % x. For a path P =
(s = rg,ri,...,rp = t), let a;(P) count the number of ascending pairs of color ¢ in the path P
and d;(P) count the number of descending pairs of color i. Let o(P) := > ,c; (a; — d;). Call this
quantity the signed length of the path P. Define a new relation <¢ on C by declaring s <¢ t if
and only if there is a path P from s to t such that o(P) > 0. Then define <¢ by the rule that
s <¢c t if and only if s <¢ t or s = t. We claim that <¢ is a partial order on C. Clearly <¢ is
reflexive. Use concatenation of paths to see that < is transitive. Finally, we check that <¢ is
asymmetric. Suppose s <ct and t <¢s. If s #t, then s <¢c t and t <¢ s. So there is a path P
from s to t for which o(P) > 0 and a path P’ from t to s for which o(P’) > 0. But now we can
see that u(s) + > c; (ai(P) — di(P)M® = p(t) = p(s) — > e, (@i(P) — d;(P"))M®@. By linear
independence of the M®’s we conclude that (a;(P) — d;(P)) + (a;(P") — di(P')) = 0 for all i € I,,.
But then o(P) = > ;c; (ai(P) — di(P)) = = > ;. (ai(P') — di(P')) = —o(P’). So o(P) and o(P’)
cannot both be positive. From this contradiction we conclude that s = t. Then <¢ is a partial

order on C.

Now choose x to be a minimal element of C with respect to this partial order. For any s € C,

we declare p¢(s) := o(P), where P is any path from x to s. We claim that pe(s) does not depend
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on the choice of path from x to s. To see this, suppose Q is another path from x to s. Then from
the facts that p(x) + >, (ai(P) — d;(P))M® and p(x) + >ier (@i(Q) — d;(Q)M® | we deduce
that a;(P) — di(P) = ai(Q) — d;(Q) for all i € I,. Hence o(P) = 0(Q). Since x is minimal with
respect to the partial order <¢ on C, it must be the case that p¢(s) = 0 for all s € C. Finally,
suppose s Ltisa covering relation in /\k(R) for elements s and t in C. Then any path P from
x to s may be extended via s - t to a path Q from x to t. Then 0(Q) = o(P) + 1, and hence
pe(t) = pe(s) + 1. Then pe is a rank function for C. It follows that A*(R) is ranked. L]
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3. Weyl groups and Weyl characters

Much of the discussion of Weyl groups and Weyl characters in the following subsections is
borrowed from [Don6|, [Don7|, and [ADLMPPW] as well as standard treatments like [Huml],
[Hum2]|, [Bour|, and [BB].

§3.1 GCM graphs and Dynkin diagrams. Following [Don7| we take as our starting point
some given simple graph I' on n nodes. In particular, I' has no loops and no multiple edges.
Nodes {7i}ier, for I' are indexed by elements of some fixed totally ordered set Iy, of size n (usually
I, = {1 <2 < --- <n}). For each pair of adjacent nodes 7; and ~; in I', choose two negative
integers M;; and Mj;. Extend this to an n x n matrix M = (M;;); jer, where, in addition to the
negative integers M;; and Mj; on edges of I', we have M;; := 2 for all ¢ € I, and M;; := 0 if there
is no edge in I" between nodes 7; and ;. We call the pair (I', M) a GCM graph, since M is a
‘generalized Cartan matrix’ as in [Kac| and [Kum]. Such matrices are the starting point for the
study of Kac—Moody algebras. More importantly for us, these matrices also encode information
about certain geometric representations of Weyl groups. Such representations provide a suitable
environment for studying Weyl characters, which can be thought of as special multivariate Laurent

polynomials which exhibit symmetry under the actions of the Weyl groups.

We say a GCM graph (I', M) is connected if " is. We depict a generic connected two-node GCM
graph as Y P q v where p = — M5 and ¢ = —Ms1. We use special names and notation

to refer to two-node GCM graphs which have p =1 and ¢ = 1, 2, or 3 respectively:
As Co G

*r— ———<4<+—0 r— P —<¢<¢+<+——90

71 V2 71 V2 71 V2

When p = 1 and ¢ = 1 it is convenient to use the graph v ', to represent the
GCM graph Ay. A GCM graph (I', M) is a Dynkin diagram of finite type (or Dynkin diagram, for
short) if each ‘connected component’ of (I', M) (in the obvious sense, defined below) is one of the
graphs of Figure 3.1; in this case the matrix M is called a Cartan matriz. We number the nodes of

connected Dynkin diagrams of finite type as in §11.4 of [Hum1]. The special two-node GCM graphs
2 -1 2 -1
Ao, Co, and Gg above are Dynkin diagrams with Cartan matrices ( ), ( ), and
-1 2 -2 2
2 -1
-3 2 |
The following language concerning GCM graphs is sometimes useful. Given two GCM graphs
g1 = (Fl, (Aij)i,jefn) and gdo = (FQ, (Bij)i,jEJm>7 the disjoint sum g1 @gg is the GCM graph (F, M)



Figure 3.1: Connected Dynkin diagrams of finite type.

1 2 3 n—2 n—1 n
A, (n>1) ¢ e — — — — e 9o
1 2 3 n—2 n—1 n
Bn (n>3) ~Q———o ——— &~ — — — — @ > r—<+0
1 2 3 n—2 n—1 n
C, (n>2) ¢ & — — — — @ <0
n—1
1 2 3 n—3 n—2
D, (n>4) — e e — — — — "
2
E6 1 3 4 5 6
2
E7 1 3 4 5 6 7
2
E8 1 3 4 5 6 7 8
1 2 3 4
F4 r————0 > >r——<«—— 0 —— 0
1 2
Go e °

with graph I' = I'y @ I'y (a disjoint sum of undirected graphs in the obvious way, analogous to

§2.1, and with nodes indexed by the disjoint union I,, U J,;,) and generalized Cartan matrix M =

( g/ g ) (a block diagonal matrix in the obvious sense, where O and O’ are a zero matrices
of appropriate size). These GCM graphs are isomorphic if there is a bijection o : I, — J,,, with
respect to which A;; = By ;) for all 4,5 € I,. 1If I, is a subset of the index set I, of a GCM
graph (', M), then let I” be the subgraph of I with nodes indexed I/, and the induced set of edges,
and let M’ be the corresponding submatrix of the generalized Cartan matrix M; we call (I, M")
a GCM subgraph of (I'y M). (For example, in Figure 3.1 one can see that Cg is a GCM subgraph
of F4.) The GCM subgraph (I, M') is a connected component if T is a connected component of
I". Given a one-to-one function ¢ : I,, — .J,, obtain a graph I'° by recoloring the nodes of the

undirected graph I' as in §2.1. Then the GCM graph g” = (I'?, M) is the re-coloring of the GCM
graph g, where (M7), @ o(;) := Mi; for all i,j € I,. We let g’ :=(I,MT), so that (g")T =g.
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83.2 Weyl groups and geometric representations. For the remainder of this chapter, let
g := (', M) be a fixed GCM graph with index set I,,. The development in this subsection basically
follows [BB] and [Don7]. For ¢ # j in I, declare

kij if M;;Mj; = 4cos?(m/k;;) for some integer k;; > 2
ms;; =

We have m;; = 2 (respectively 3,4,6) if M;;M;; = 0 (resp. 1,2,3). Let W := W, be the group

generated by {s;}icr, subject to relations s? =c¢ for all i € I,, and (s;5;)™9 = ¢ for all i # j in I,,.
(Conventionally, m;; = oo means there is no relation between generators s; and s;.) Then W is

called a Weyl group, and it is a special kind of Coxeter group.

Let V' be a real vector space freely generated by vectors {a;}icr,. The «;'s are called simple
roots. For each i € I,,, define a linear transformation S; : V' — V by setting S;(a;) = a; — Mj;0y
for each j € I, and extending linearly.* The next result follows from Proposition 3.13 of [Kac] or
Proposition 1.3.21 of [Kum] (see also §2 of [Don7]). Here GL(V) is the group of invertible linear

transformations on V' and Id denotes the identity transformation on V.

Lemma 3.1 For eachi € I, S? = Id. In particular, S; € GL(V). Now take i # j in I,,. If my;
is finite, then (S;S;)™% = 1d. If m;; = oo, then the subgroup of GL(V') generated by {S;,S;} is
infinite.

The above lemma guarantees that the mapping s; — 5; extends uniquely to a group homomor-
phism ¢ : W — GL(V). Our next result, which is Theorem 4.2.7 of [BB], says that this mapping
is injective. In the language of group representations we state this as:

Theorem 3.2 The representation ¢ of VW in the previous paragraph is faithful.

83.3 Finiteness hypothesis. Of interest to us are GCM graphs whose corresponding Weyl
groups are finite. These have the following well-known classification (see e.g. [Hum1] or [Hum2]):
Theorem 3.3 The Weyl group W is finite if and only if the connected components of g are Dynkin
diagrams of finite-type from Figure 3.1.

Two of the most famous Dynkin diagram classification results come from Lie theory: the Dynkin
diagrams of Figure 3.1 are in one-to-one correspondence with the finite-dimensional complex simple
Lie algebras and the finite-dimensional irreducible Kac-Moody algebras. For examples of other

Dynkin diagram classifications, see [HHSV], [Pro5], and [Pro6]. From here on, we restrict our

*This ‘transpose’ of the usual definition (S;(o;) = a;j — M;ja;) facilitates connections with certain results such as

the root system and weights results of Chapter III of [Huml].

28



attention to the finite cases unless stated otherwise. For connected Dynkin diagrams of finite type,
we have the following important observation: one can verify case-by-case that the associated Cartan

matrices are invertible.

§3.4 A Euclidean representation of the Weyl group. We would like to realize each
transformation S; as a reflection ‘with respect to’ «;. Such a geometric realization of the Weyl
group W will require an inner product (-,-) on V. The derivation of the inner product in this
subsection is an interpretation of standard material. Assuming for the moment that such an inner
product exists, we investigate in this paragraph its interactions with the Cartan matrix M. Relative

to this inner product, the reflection S : V' — V in the hyperplane orthogonal to some fixed nonzero

a will act on vectors v in V' by the rule S(v) = v — 2%0@ Applied to the transformations .S;
(aj,0n)

acting on vectors aj, we determine that Mj; = 2 (o)

. Symmetry of the inner product now gives
(1) Mji{ou, ai) = Mij(a, aj).

If g is connected, fix the length of one of the end node simple roots. Then using the preceding
relation, the remaining simple root lengths can be computed in terms of the fixed simple root length
and entries from the Cartan matrix M. For A-D-E graphs, only one simple root length is possible.
Inspection of the other connected Dynkin diagrams of finite type (B, C,, F4, G2) shows that each
has two root lengths. In the B-C—F cases, ‘long’ simple roots have squared length twice that of
‘short’ roots. For Ge, the long simple root as has squared length three times that of the short
simple root ay. If g is not connected, then we must choose a squared length for short simple roots
in each connected component of g. With such a fixed choice of short simple root lengths for g, one
can now determine that

(2) (o, ) = %(Oﬁ,aﬁMy“

for all 4,5 € I,. So our hypothetical inner product is determined by the preceding relations
(1) and (2) together with the choices for short simple root lengths for connected components of
g. With this discussion in mind, now define a bilinear form B on V so that for each ¢ € I,,,
B(a;, a;) coincides with the choices for squared lengths of simple roots indicated above, and where
B(ay, ;) = 1 B(aj, o5) My for all 4, j € I,,.

Theorem 3.4 The bilinear form B defined above is symmetric and nondegenerate. Moreover, the

Weyl group W preserves B in the sense that B(w.vi, w.ve) = B(v1,v2) for allw € W and vy, ve € V.

B(v,a;)

Finally, relative to the form B each S; is a reflection with respect to c;: S;(v) = v — 2B(a- )

allveV.

«; for
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It suffices to prove Theorem 3.4 for connected Dynkin diagrams. This can be done case by case.
From here on, we use (-, -) to denote the inner product B of the preceding paragraph and theorem.
Given (-,-), we call ¢ : W — GL(V, (-,-)) a Fuclidean representation of W. Let O(V, (-,-)) be the
orthogonal group for the Euclidean space (V, (-,-)). A consequence of the preceding theorem is that
(W) = W is actually a subgroup of O(V, (-,-)). From here on, we consider ¢ to be a Euclidean
representation for Wy with respect to some fixed choice of inner product.

Suppose g = (I't, A = (A4j)ijer,) and b = (I'a, B = (Bjj)i jeJ,.) are connected Dynkin diagrams
with corresponding Weyl groups Wy = (si)icr, and Wy = (t;)je,.- Let ¢ : Wy — GL(Vi, (-, )1)
and 9 : Wy — GL(Va, (-, -)2) be Euclidean representations of Wy and Wy respectively, with V; :=
spang ({;}ier,) and Vo := spang({;j}je,.) for simple roots {e;}ics, and {5;};es,, respectively.
We say ¢ and 1 are isomorphic if there is a bijection o : I, — Jp, such that the mapping s; — ¢5(;
extends to a group isomorphism from Wy to W and such that the linear transformation 7' : Vi — V3
induced by the set mapping «; — [, ;) is ‘angle-preserving’, i.e. for some fixed (necessarily positive)
real scalar k we have (T'(u), T (v))2 = k(u,v); for all u,v € V;. To emphasize the role of the bijection
o we say that ¢ and ¥ are isomorphic via o. In particular, it follows that for any two choices of
inner products on V; from Theorem 3.4, the corresponding Euclidean representations of Wy are
isomorphic. Some other results concerning isomorphic Euclidean representations are explored in
Lemma 3.6. The Euclidean representations corresponding to the connected Dynkin diagrams of
finite type are pairwise nonisomorphic (even though the corresponding Weyl groups are not all
distinct — in particular, Wg = ch).

Now relax the connectedness hypothesis for g and §. Suppose a connected component g’ of g
has nodes indexed by a subset J C I,,. Let V] = spang({a;}ics), so V] is a subspace of V with
the induced inner product (-,-)]. It is easy to see that the mapping ¢’ : Wy — GL(V/, (-,-)}) is
a Euclidean representation of Wy. We say Euclidean representations ¢ and 1 of Wy and Wy are
isomorphic if there is some one-to-one correspondence g’ — §’ of connected components of g and b
such that ¢’ and 1)/ are isomorphic.

§3.5 Roots and root systems. Write w.v for ¢(w)(v) whenever w € W and v € V. As
in [Hum2] and [BB], we define the root system R(g, ¢, {}icr,) to be the set ¢(Wy)({ai}icr,) =
{w.a;}icr, wew. Set @ :=R(g, ¢, {i}ticr,). Elements of ® are roots. A root a =) k;ay; is positive
if each k; > 0 and is negative if each k; < 0. The sets ®T and ®~ of positive and negative roots

can be seen to partition ® (see §3 of [Don7]). For any 4, j € I,,, by definition s;.c; = oy — M;j50;.
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Since any w € W is a product of s;’s, then by iterating the previous computation we see that
w.q; is an integral linear combination of simple roots. That is, when o = > k;c;, then each
k; € Z. Now, each w € W permutes ®. To see this, note that for any w € W and o, € o, (1)
w.a € @ by definition so w(®) C @, (2) a = w.(wl.a) so ® C w(P), and (3) if w.a = w.3 then
wl(w.a) = w.(w.f) so a = B. So we have an induced action of W on ®. Two root systems
¢ :=R(g, ¢, {ei}ier,) and ¥ := R(h, v, {B;j}jes.,) are isomorphic (respectively, isomorphic via o)
if the Euclidean representations ¢ and 1 are isomorphic (respectively, isomorphic via o).

For any a € ®, define av := ~2+a. Observe that (aj,af) = Mj; for all i,j € I,. Let

(ov,0)
PV := {a"'}aco. Based on the following lemma, we call ®¥ the dual root system for ®.
Lemma 3.5 We have ®" = R(g, ¢, {a, }ic1,) (an equality of sets), and moreover o = w.«a) for

w € W if and only if « = w.qy.

Proof. To prove the lemma, it suffices to show that o¥ = w.a) for w € W if and only if o = w.«a;.

— 3 — — vV _ _2 _ 2 _ Y
Suppose a = w.q;. Since (o, a) = (w.a4, wa;) = (o, @), then a¥ = T = GrayW-ai = w.ay.

Conversely, suppose a¥ = w.of. Then (¥, a") = (w.af,w.cf) = (o, ). Now for any 3 € P,

(BY,BY) = (ﬁ%ﬁ)' So from our previous calculation, it follows that <0é47> = m, and hence
{a, &) = (@i, o). Then from ﬁa =o' =wa = mw.ai, we deduce that a = w.q;. L]

For this paragraph, assume that g is connected. According to the discussion of the previous
section, simple roots have two possible lengths, which we call long or short. (If only one simple root
length is possible i.e. in the A-D-E cases, the adjectives “short” and “long” are interchangeable.)
Note that if & € ® with a = w.«; for some w € W and simple root «;, then («, o) = (w.a, w.a;;) =
(g, 3). So « has the same length as a;. With this in mind, we let ®,,y = {a@ € ®|a =
w.a; for w € W and «; long} be the set of long roots, and analogously define the set @+ of short

(the set of positive roots that are long) and ®,

+
roots. We also have & short

long (the set of positive

roots that are short).

Lemma 3.6 Suppose g = (I't, A = (4ij)ijer,) and b = (I'e, B = (Bij)i jeJ,.) are connected
Dynkin diagrams with corresponding Weyl groups Wy = (S;)icr, and Wy = (t;)jcs,,. Let ¢ :
Wy — GL(Vi,(-,-)1) and ¢ : Wy — GL(Va,(-,-)2) be isomorphic Euclidean representations of
W, and Wy respectively, with Vi := spang({«;}ier,) and Va := spang({f;}je,,) for simple roots
{ci}icr, and {B;}je,, respectively. As in §3.4, let o : I,, — J,, be the associated bijection and
T : Vi — Vi, the associated angle-preserving linear transformation. Let ® := R(g, ¢, {«; }icr,) and

U :=R(h,¥,{B}jes,) Let (i1,i2,...,i,) be a sequence of elements from I,,. (1) For all i,j € Iy,
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Aij = By, (2) For all v € Vi, T(si;8iy " *8i,-V) = to(i)to(in) * to(iy) 1 (v). (3) For j € In, let

o(4)
Q1= 84y 8iye iy, and B 1= to(ito(iy) * to(iy)-Be(j)- If o is positive in @ (resp. long, short), then

B is positive in ¥ (resp. long, short).

. ooy o) 26lasog)t o 2(T(aw) T(eg))e _ 2Boi)Po()2
P?“OOf- For ( )7 Az] = <04170éj> - (Oéj,ocjjh = m(aj,ajj)l = (T(Ozj),T(OéjJ))Q <ﬁa(j)=ﬁo(jj)>2

<ﬂo(i)7ﬁ;—/(j)>2 = Bo(i)’g(j). For (2), it suffices to show that T(si.aj) = to(i).ﬁg(j) for all 4,5 € I,.

To see this, observe that for any k € I, (T'(si.;j), B ;))2 = Wﬁ(&.aj, a1 = (si.ag, )1 =

(o = Ajicvi, o)1 = Ajie— AjiAik = Bo(j),0(k) — Bo(j),0()) Botiy,o (k) = (Bo(i) = Bo(j),0()Botiys Byry)2 =
to(i)-Bo(ivs By )2. Since this is true for all k& € I, then it must be the case that T'(s;.a;) =
(4)Po(3) Po(k) J
to(i)-Bo(j), as desired. For (3), let v and 3 be as in the lemma statement. Suppose a = }_ k;a; € o,
Then T(a) = Y kiflyi)- But by (2), T(a) = §. Hence 8 € ¥*. From (1), it follows that if
a; € Pong (resp. Papnort), then Boy € Yipng (resp. Yanore). Since a has the same length as a; and
J 9 (4) 9 J

B has the same length as 3;, then o € ®opg (vesp. Pgpop) implies that 8 € Wi,y  (resp. Uonort).L

For connected g, give ® the following partial ordering: write a < (8 for roots o and 3 if and only

if 3 —a = k;a; with each k; nonnegative. View &+, &' and &7,

long short @S subposets of ® in the

induced order. If « € ®*, write a = Y k;a; for nonnegative integers k;. The height of o, denoted
ht(«), is defined to be the quantity > k;. The following facts can be understood by studying the
so-called ‘adjoint’ and ‘short adjoint’ representations of the finite-dimensional complex simple Lie

algebras.

Facts 3.7 Keep the notation of the previous paragraph as well as the assumption that g is

connected. The posets of roots ®+ and &7, short are ranked, connected posets with (in each case)

Tt

rank function given by p(a) = ht(a) — 1. The minimal roots for ®* (respectively, ®1, ) are the

short

simple roots (resp. short simple roots). Each has a unique maximal root.

In the setting of these results, the maximal root @ for ®7 is called the highest long root. For

q)+

shor the maximal root Wepert is the highest short root.

The transpose representation and root system defined next are helpful in explicitly identifying
long and short roots. For this definition, however, g need not be connected. Let VT be the real
vector space freely generated by {OZT}iGIn, and define ¢ : Wq — VT by the rule gZ)T(si)(oij) = a;——

MlLal. Give VT an inner product (-, '>T as in Theorem 3.4 above using the matrix M. Then set

]zz

ol .= (g,¢T, {a;r}ie]n). (Evidently, the root systems R(g, ¢, {«;}icr,) and R(gT,éT, {a;r}ie[n)

are isomorphic via the identity bijection on I,,.)
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Proposition 3.8 Let g be connected. For allw € W and j € I, it is the case that w.c; is positive
(resp. long, short) in ® if and only ifw.a}/ is positive (resp. short, long) in ®V if and only ifw.a;-r is
positive (resp. short, long) in ®T. Moreover, ®' = R(g, ¢, {a) }icr,) and T = R(g, ", {a] }icr,)
are isomorphic via the identity bijection on I,.

Proof. First we show that ®" = R(g, ¢, {a) }ier,) and @7 = R(g,¢",{a] }ics,) are isomorphic

via the identity bijection. We have that <O‘1T’O‘;!—>T = %(a;r,a;r)TM; = %(a;r,aDTMji. On the
(ol
VASRVIN 4 SN 2 1,V VAT %N IT
other hand, we have («, ,ozj) = W(al,%) = (aj,aj)Mﬂ = 2<aj ey YMj;. So @vad) =
(afal)r . . .
Tavavy That the latter ratio is constant for all j € I, can be proved by checking cases. For
] b

example, in the A-D—E cases, all aJT’s have the same length and all oz]V’s have the same length.

From this result and Lemma 3.6, we conclude that w.a}/ is positive (resp. short, long) if and
only if w.ajT is positive (resp. short, long). Now w.aif = 3" k;; if and only if w.a; = 3 iZi’zz; kic.

Then w.a}/ is positive if and only if w.a; is positive. It is easy to see that there are two distinct
root lengths in ® if and only if there are two distinct root lengths in V. Therefore, to show that
w.a; is long (resp. short) if and only if w.a}/ is short (resp. long), it suffices to consider those cases

with two distinct root lengths. In such cases, if w.c; is long in ®, then «; is long. Then there is

, hence (o, oY) < (o), ).

a simple root «y, such that (aj, ;) > (o, o). Then 7 7

4 4
o,005) < Tar.an)

So, onV and w.a}/ are short. This argument is easily modified to show that if w.c; is short, then
w.aj is long. Similarly see that if w.c is short (resp. long), then w.a; is long (resp. short). [

§3.6 Weights. Some of the following recasts parts of §13 of [Hum1|. Using our inner product
(,-) we obtain another special basis for V', the basis of ‘fundamental weights’. The following

proposition shows how this basis is obtained and uniquely characterized.

Proposition 3.9 Let A = (Aji)jker, be a real n x n matrix. Define wj := Y, ; Ajroy. Then
Si(wj) = wj — i, for all i,j € I, if and only if A = M~ if and only if (wj, o)) = &;; for all
ijel,.

Proof. Suppose S;(wj) = wj — 0i;a; for all 4, j € I,. Then for fixed i,j € I,, we have
Si(wj) = wj —i0y

= | D A | — i
keln

= Z Ajkak + (Aji — (51']‘)041'.
ki
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But we also have

Si(qu) = ZAiji(ak)

kel

= > Ajlag — Myoy)
ke,

= Z (Ajpar, — Ajp M)
ke,

= > Ajo+ | Aji— D AjpMyi | i
ki keln

Then Ekeln AjpMy; = 6;5. Since this is true for all ¢, 5 € I,,, we conclude that A = M1
Now suppose A = M. Fix i,j € I,. Then

2(a , O
(wjrof) = > Ajelag, oy = ) AjkM =Y AjpMyi = bij.

!
kel kel i)
The crucial step in this calculation is our application of the identity (2) from §3.4.

Finally suppose (wj, @) = d;; for all i, j € I,,. Then for fixed i, € I,, we have

Si(wj) = 5 Z Ajro,
kel,
= Z Ajp (g — Myioy)

kel,

= wi— | ) ApMi | o
kel

2<()4k, Cti>
= w' A'
J Z gk (v, i)
kel,

Q;

= Wj— Z Ajk<ak,aiv> (673
kely,

= wj— (W),

= w]' — (5@'0@.

This completes the proof. []

In view of this result, we define the basis of fundamental weights {w;}ic1, to be the unique
basis for V satisfying the equivalent conditions of Proposition 3.9. As a consequence we see that

for each 7 € I,,, o; = Zjeln M;;wj, i.e. the ith simple root is identified with the ith row of the
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Cartan matrix relative to the basis of fundamental weights. Let A C V be the set of all vectors in
the integer linear span of {w;}icr,. Vectors in A are weights, and we call A the lattice of weights.
(Here ‘lattice’ is used in the sense of the Z-span of a basis.) A weight A € A is dominant (strongly
dominant) if A = > m;w; with each m; nonnegative (positive). Denote by AT the set of dominant

weights.

Lemma 3.10 We have ® C A. Moreover each w € W permutes A, and we have an induced action

of W on A.

Proof. Let i € I,,. Since a; = Y M;jwj, it follows that a; € A. Since each o € ® is an

Jj€ln
integral linear combination of «;’s, it follows that ® C A. To complete the proof of the lemma, it
suffices to show that w permutes A for each w € W. Let A\ = > myw;. Then w.A = > mw.w;.
Now each sj.w; = w; — d;ja; € A. Since w is a product of s;’s, then by iterating the previous
computation we see that w.w; € A for each i € I,. It follows that w.A € A. Now for any v € A, we
have v = w.(w™t.v). Since ¢(w) € GL(V), it follows that ¢(w) is one-to-one. So we have shown
that ¢(w)|p : A — A is a bijection. L]

Given a subset J C I, let W be the subgroup of YW generated by {s;};cs. A dominant weight
A is J%dominant if when we write A = ., m;w;, then m; > 0 if and only if j & J. It can be
shown that the results of [Hum2] §5.13 extend to the setting of our geometric representation of
the Weyl group W. It follows that W; is the stablizer of A under the action of W on A. So, by
the ‘orbit-stablizer’ theorem, we have |W| = |[WA|[W;|. When g is connected, we apply this to
the special cases of the sets @4,y and ®gper¢ of long and short roots respectively. In §3.11 below
we show how one can use a game played on the Dynkin diagram g to determine the highest root
and highest short root. Using this technique one can determine that for A,, @ = wy + wy,. For By,
W = wy and Wgpert = wi. For Cp, W = 2wy and Wepere = wo. For D, W = ws. For Eg, W = wy. For
E7;, 0 = wy. For Eg, W = wy. For Fy, W = wy and Wspert = wy. For Go, W = wo and Wepere = wi.
Therefore, the highest long and short roots are dominant weights. In fact, it can be seen that
all roots of @y (resp. Pspnore) are conjugate under the action of W.* We therefore obtain the

following result, which gives us a nice way to compute the order of the Weyl group.

*Briefly, any two long (respectively, short) simple roots are connected by an ‘ON-path’, in the language of [Don7].
It follows from Theorem 3.2 of [Don7] that these simple roots are conjugate under the W-action. Applying Corollary
3.27 and Proposition 3.28, it follows that any long (resp. short) root is conjugate to some long (resp. short) simple

root. It then follows that any two long (resp. short) roots are conjugate under the W-action.
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Theorem 3.11 With g connected, we have W (resp. Wsport) as the highest long (resp. short) root.
Then @ (resp. Wghort) is nonzero and dominant. Moreover, Ww = @y (resp. Widshort = Pshort)-
Suppose W (resp. Wgport) is J°-dominant. Then [W| = |®ong||Ws| (resp. [W| = |@snort||W]).

§3.7 The longest element of the Weyl group. The material in this section is standard, see
e.g. [Hum?2] or [BB]. A finite Weyl group has a unique ‘longest’ element, where length is measured
as follows: In any Weyl group, an element w may be written as a product s;,---s;,. Any shortest
such expression is a reduced expression for w, and the length of w is £(w) := p. Thus if W is finite,
there is an upper bound on the lengths of group elements. The following result can be derived from

standard facts (see e.g. Exercise 5.6.2 of [Hum?2]).

Proposition 3.12 In a finite Weyl group, there is exactly one longest element, denoted wy.
We have wg = ¢. Moreover, there is a permutation og : I, — 1, such that for each i € I,
W00l = — Qg (3)-

Observe that since (a;, af) = M;; for all 4,5 € I,, then <a00(i),a(¥0(j)> = M,y (i) 00(j)- In par-
ticular, og is a symmetry of the Dynkin diagram g in the sense that g = g°. Since w3 = ¢ in
W then ag is the identity permutation. It also follows from the proposition that when wqg acts on
A, then w; — —wey(;) for each i € I <—w0.wi,a}/> = (wy, —wo.a}/> = <wi,a(\7/0(j)> = ;.54 (j), hence
Wo.W; = —Weq(j)- Thus, wo. (Y. miw;) = —>_ MiWgy (7). SO once the action of wy on V' is known (see
§3.11 below) then one can compute og. One finds that for connected Dynkin diagrams, o is trivial

except in the cases A,, (n > 2), Dogy1 (kK > 2), and Eg; see Figure 3.2.

Figure 3.2: Action of the permutation og when og is not the identity.

1 2 3 -1 o -1 -2 2 1
An (7122) —————7»—? —0> :l—no—n& —————— -———o

1 2 3 -2 n—1 4 1 2 3 -2 n
D, (n odd): - e o " = . s 2 "

n n—1
2 2
1 3 4 5 6 oo 6 5 4 3 1
E6 —

If R is a ranked poset with edges colored by the set I,,, then the oo-recolored dual R® is the
edge-colored poset (R7°)* = (R*)?0. See Figure 3.3 for an example.

§3.8 The M-structure property (again). Let R be a ranked poset with edges colored
by the set I,. We say R has the g-structure property if R has the M-structure property for
the Cartan matrix M associated to g with weight function wtr : R — A such that wtg(s) =

> jer, M;j (s)wj. Thus R has the g-structure property if and only if for each simple root «; we have
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Figure 3.3: L® for the edge-colored lattice L from Figure 2.1.
Here regard L to be edge-colored by the nodes of As.

wtr(s) + oy = wtr(t) whenever s Lt in R. This condition depends not only on g (information

from the corresponding Dynkin diagram) but also on the combinatorics of R.

Let us temporarily assume only that (I', M) is a GCM graph with nodes indexed by I,,. If R
is a ranked poset with edges colored by the set I,,, then the edge-coloring function edgecolory, :
E(R) — I, is sufficiently surjective if for each connected component of (I', M) there is a node ~;

and an edge s — t with edgecolorp(s — t) = i. The following results are from [Don§].

Theorem 3.13 Let M = (M; ;)i jer, be areal matrix. (1) If there is a diamond-colored distributive
lattice L with surjective edge-coloring function edgecolor; : £(L) — I, and having the M-
structure property, then M must be a generalized Cartan matrix. (2) Suppose (I'y M) is a GCM
graph with nodes indexed by I,. Suppose R is a ranked poset with sufficiently surjective edge-
coloring function edgecolory : £(R) — I,,. If R has the M-structure property, then edgecolorp
is surjective and (I', M) is a Dynkin diagram of finite type.

Since our proof of part (2) of this theorem applies results from [Don6] concerning the so-called

‘numbers game’, we defer the proof of part (2) until §3.11.

37



Proof of Theorem 3.13.1. For (1), let i € I, and choose an edge s % ¢t in L. Then for any
J € I, we have m;(s) + M;; = m;(t). Since m;(s) and m;(t) are integers, it follows that M;; is an
integer. Since p;(s) +1 = p;(t) and d;(s) — 1 = 6;(t), then from m;(s) + M;; = m;(t) it follows that
M;; = 2.

Pick i,j € I, with ¢ # j. First, suppose there is an {i, j}-component K in L which has at least
one edge of color ¢ and at least one of color j. By Theorem 2.3 and Proposition 2.8 we may write
K = Jeoior(Q) for Q = jeotor (K). Let d; count the number of color i vertices in ). Similarly define
d;. Since K has both color ¢ and color j edges, d; and d; are both positive. Let x be the unique

maximal element of K and let y be the unique minimal element. Then
wtr(y) + dic; + djo; = wtp(x).
In particular
mi(y) + d;i M;; + dj Mj; = mi(x) and  m;(y) + diM;; + djMj; = mj;(x).

Then d;Mj; = (—m(y) — d;) + (mi(x) — d;) and d;M;; = (mj(x) — d;) + (—m;(y) — d;). Since
mi(%) = (%) < di, my(x) = (%) < dy, —mily) = Li(y) < di, and —my(y) = lj(y) < d;, then we

N

see that (m;(x) —d;) + (—mi(y) — di) < 0 and (m;(x) —d;)+ (—m;(y) —d;) < 0. Hence d;M;; <0
and d; M;; < 0. Since d; and d; are both positive, then M;; <0 and M;; <0.

Suppose that in this situation, M;; = 0. Then (m;(x) — d;) + (—m;(y) — d;) = 0, and hence
mj(x) = dj = lj(x) and —m;(y) = d; = [;(y). In particular, starting at the order ideal y in L,
it is possible to add to y d; color j vertices to get an order ideal z that is a vertex in K. At
this point, z must be the minimum vertex of the color ¢ component containing x, and further
we must be able to add d; color i vertices to z to get x. In particular, m;(x) = d; = [;(x).
Similarly from x we can remove d; color j vertices to get an order ideal w in K that is the maximal
vertex in the i-component of y. In the same way as before we get —m;(y) = d; = l;(y). So
(—mi(y) — di) + (mi(x) — d;) = 0= d;Mj;, so M;; = 0.

At this point we know that if there is an {, j}-component in L that has edges of both colors
¢ and j, then M;; <0, Mj; <0, and M;; = 0 if and only if Mj; = 0. So now suppose that every
{4, j}-component in L uses at most one of the colors ¢ or j. Pick an edge s % ¢ in L. Since neither
s nor t has an incident edge of color j, then m;(t) = m;(s) = 0. But m;(t) = m;(s) + M;j, so

therefore M;; = 0. By looking at an edge of color j in L one can similarly conclude that M;; = 0.
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We thus conclude that M is a matrix of integers with M;; = 2 for all ¢ € I,,, M;; < 0 for all
i # j in I, and M;; = 0 if and only if Mj; = 0. That is, M is a generalized Cartan matrix. []

Combining both parts of the previous theorem we obtain:

Corollary 3.14 Let M = (M; ;)i jer, be a real matrix. If there is a diamond-colored distributive
lattice L with surjective edge-coloring function edgecolor; : £(L) — I, and having the M-

structure property, then M must be a Cartan matrix.

It is important to note that the condition “M is a Cartan matrix” in this corollary is necessary

but not sufficient for there to be an M-structured diamond-colored distributive lattice.

Now return to the assumption that M is a Cartan matrix and g = (I', M) is a Dynkin diagram.
For a g-structured diamond-colored distributive lattice L, let A be the weight of the unique maximal
vertex of L. We say L is a (g, \)-structured distributive lattice. A concept to be introduced in
Chapter 3 (the ‘distributive core’) relates directly to the following question: For which Dynkin
diagrams g and weights A is there a (g, A)-structured distributive lattice? When a (g, A)-structured
distributive lattice exists, we have the following result concerning its unique minimal element. As
this result can be demonstrated using facts about the ‘numbers game’ as in [Don6], we defer the

proof to §3.11.

Proposition 3.15 Let R be an M-structured poset with a unique maximal element of weight
A, necessarily dominant. Then R has a minimal element of weight wg.A. In particular, if L is a
(g, A)-structured distributive lattice for some dominant weight X\, then the unique minimal element

of L has weight wg.\.

§3.9 Weyl characters. See [Huml], [FH], or [Stem3] for discussions of the basic theory
of Weyl characters, which we outline here without much reference to Lie representation theory.
Observe that A is an abelian subgroup of V. Let Z[A] be the group ring over A: that is, Z[A]
consists of finite integral linear combinations of elements of the basis {e, | € A}. Multiplication
in Z[A] is given by e e, = €,4,. We sometimes use 1 to denote eg. The Weyl group W acts on
Z[A] by the rule w.e,, := ey . The character ring Z[A]"Y for g is the ring of W-invariant elements

of Z[A]; elements of Z[A]Y are characters for g. For any weight u, let A, := Z det(p(w))ew.pu-

wew
Using the fact that S; = ¢(s;) is a reflection and hence det(S;) = —1, it follows that s;.4, = —A,,.

So, A, is not in the character ring. Let ¢ := wy + - -+ 4+ wy,, the sum of the fundamental weights.

Part (1) of the following well-known theorem is the famous Weyl character formula, due to H. Weyl.
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Theorem 3.16 (Weyl) (1) For each dominant A € A", there exists a unique x, € Z[A] such
that Ayx, = Ayia, and moreover x, € Z[A]"W. (2) The characters {x, }rea+ are a basis for the
character ring Z[A]"Y. (3) The characters {x., }ier, are an algebraic basis for the character ring
Z[APV.

Weyl characters are nonnegative integral linear combinations of the characters {x, } cp+. Ele-
ments of the basis {x, }ea+ for the character ring are irreducible Weyl characters, and elements of
{ X, Yier, are fundamental characters. At times we use the nomenclature ‘g-character’ to emphasize
the connection to the Dynkin diagram g. For each i € I,,, set z; := ey,. If p = > mw; € A, set

ZH = 2" .. 2 Then for any A € AT we can write x, = Z cy,u2!' for some ¢y, € Z. So we can
HEA
think of an irreducible Weyl character as a Laurent polynomial in the variables {z;}ic, . At times

we will emphasize this viewpoint by writing charg(X; z1,. .., 2y,) in place of x,. The following facts
about irreducible Weyl characters can be proved using the representation theory of semisimple Lie

algebras. We record these here for future use.

Facts 3.17 Keep the notation of the previous paragraph. (1) Each coefficient c) , is nonnegative.
(2) Moreover, cyx = 1 and cyw,» = 1. (3) Partially order the set II(\) := {u € A|cy, # 0} by
the rule p < v if and only if v — p = Y kja; with each k; > 0. Then II(X\) is a connected ranked
poset with unique maximal element \ and unique minimal element wg.A. (4) Moreover,  — v in
II(\) if and only if  + o; = v for some simple root «;. Therefore by giving each such edge p — v

the color i € I,, of the appropriate simple root «;, II(\) is a g-structured poset.

For example, to see that each coefficient c) , is nonnegative, one observes that cy , counts the

dimension of a certain subspace of the highest weight A\ irreducible representation of the corre-

sponding semisimple Lie algebra. Subsequently one can see that if we evaluate charg(\; z1, ..., 2,)
at z1 = -+ = z, = 1 we obtain the number e Coups which is the dimension of the representing
space. For this reason we will refer to the nonnegative integer charg(\; z1,...,2n)|5=..=2,=1 as

the dimension of x,. More generally, the dimension of a Weyl character x = >\ x+ maX, is the
nonnegative integer .+ macharg(A; z1,..., 25) |z ==z =1

Example 3.18: Adjoint characters. Assume g is connected. The highest long root @ and
the highest short root Wgpere are dominant weights. From [Don5] (for example) it follows that
X, = N ey —1—2%(1) eq and that Xo,,,, = Me€o +Za€¢shm €q, where m is the number of short simple
roots. To see that these are both in the character ring, it suffices to observe that W permutes ®

(resp. Psport). We call x_ and x_ ..., the adjoint and short adjoint characters, respectively. []
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§3.10 Our main goal: ‘splitting posets’ as combinatorial models for Weyl characters.
Let R be a ranked poset with edges colored by the set I,. We say R is a splitting poset for a Weyl
character y if (1) R has the g-structure property and (2) the weight-generating function on R is

wtp(t

the Weyl character x in the following sense: y = Z z . If R is a diamond-colored distributive

teR
lattice, then we say R is a splitting distributive lattice or SDL. The following is from Lemma 2.2 of

[ADLMPPW].

Lemma 3.19 Let A = > m,w; be dominant in the lattice of weights for g. Suppose R is a
splitting poset for x,. Then the dual R* is a splitting poset for the irreducible g-Weyl character
X wgr- Given a one-to-one function o : I, — I, the recolored poset R is a splitting poset for the
irreducible g°-Weyl character X5 gy The og-recolored dual R® is also a splitting poset for the

irreducible g-Weyl character , .

If R is a connected splitting poset for an irreducible Weyl character x,, then by Facts 3.17, R

has a unique vertex max (respectively min) of maximal (resp. minimal) rank, and moreover we

have wtg(max) = A and wtg(min) = wo.\. Set ¥ := > ", <a2i°"’(;i>. Observe that (a4, 0") = 1 for
1 < i < n. Using the vertices max and min, one now sees that the length of R is (wtg(max) —
wtr(min), o) = (A\—wp.\, 0). This observation helps explain the appearance of the scaling factor
g~ (wo-2¢”) in the next proposition, which shows how the rank generating function RGF (R, q) for

such a splitting poset R is obtained as a specialization of the irreducible Weyl character x,.
Proposition 3.20 Let R be a connected splitting poset for the irreducible Weyl character x, .
Then its rank generating function RGF(R,q) can be obtained by specializing the Weyl character

as follows:

RGF(R,q) = q—(wo)\,gV)charg(A; Zlyeens zn)|2i::q<wi,gv>.

Proof. We use the notation of the paragraph preceding the proposition statement. Let t € R.
Since R is connected, there is a path P from min to t in R. By applying the M-structure property
along the edges of P, we obtain that p(t) = (wtr(t) — wtr(min), 0¥). In the computations that

follow we use the fact that wtr(min) = wp.\.

RGF R q Zq — Z q (wtr(t)—wtr(min),o")
ter teR
= q_<w0')‘1gv> Z q(th(t)1@v>
teR
~(0 00’y § gm(O)gma(®) .. gn()
teR
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g (wo-re") Z(q<m7@v>)m1(t)(q<W2,QV>)m2(t) e (q<wmev>)mn(t)

teR

—(wo-A0Y)

= gq charg(X; 21, ..., zn)|zi::q<wi79v>.

This completes the proof. []

In view of this result, we will use £(\) to denote the length (A — wg.\, 0") of any connected
splitting poset for x,. The following result (appearing as Proposition 2.4 in [ADLMPPW], based
on Proctor’s work in Section 6 of [Pro3] with the M-structure poset context contributed by Don-
nelly) shows that connected splitting posets for irreducible Weyl characters have certain salient

combinatorial features.

Theorem 3.21 Let R be a connected splitting poset for the irreducible Weyl character x,. Then
R is rank symmetric, rank unimodal, and has rank generating function
(A+o,aY)

l—gq
RGF(R, q) = H 71 — <Q7o¢\/>
acdt q

Letting ¢ — 1 in the above expression gives:

Corollary 3.22 (Weyl Dimension Formula) The dimension of x, is

H <)‘+ Q?O‘V>

wepr  loa)

Calculating the difference of the degrees of the numerator and denominator polynomials in

Theorem 3.21 gives:

Corollary 3.23 The length of any connected splitting poset for x, is

)= > (\aY).

aedt

A crucial question at this point is: How does one obtain splitting posets? At present there
are three general strategies. (1) Impose ‘natural’ partial orders on combinatorial objects known to
generate Weyl characters. For example, the ‘Littelmann’ family of Ge-lattices shown in [Mc] to be
SDL’s for the irreducible Go-characters were discovered by Donnelly by imposing a natural partial
order on Littelmann’s Gy tableaux [Lit]. (2) Apply Stembridge’s product construction [Stem3]. For
a given dominant weight A, any resulting ‘admissible system’ is a ‘minimal’ splitting poset in the
sense that it will not contain as a proper edge-colored subgraph a splitting poset for x,. Further,
one can sometimes show a given M-structure poset R is a splitting poset for x, by locating an

admissible system inside R as an edge-colored subgraph. This method is being employed right
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now by Alverson, Donnelly, Lewis, and Pervine to give another proof that the ‘semistandard’
lattices of [ADLMPPW] are SDL’s for the irreducible Weyl characters for Az, Cy, and Ga. (3)
Show that a given g-structured poset is a ‘supporting graph’ (cf. [Donj]) for a representation of the
corresponding semisimple Lie algebra. This method has been used in [Don3], [Don4], [Don5], and

[DLP1] to produce/study many families of SDL’s.

Example 3.24: The maximal splitting poset. Given an irreducible Weyl character x, , consider
the set of weights II(\). By Facts 3.17, we may regard II(\) as a ranked poset with edges colored
by I,,, where p % yif and only if u+a; = v. We use II(\) as the foundation for a new edge-colored
ranked poset M(\). As a set, we have
M) = J {u® o0
HETI(A)

where we have essentially extended each weight p in II(\) to a multiset of elements with weight
{1 using the coefficients cy ,. For u® and v(9 in M()), write ) L 0@ if and only if u L vin
II(\). In [Don4] it is observed that M(\) is a supporting graph for the highest weight A irreducible
representation of the corresponding semisimple Lie algebra. In particular, M()) is a splitting poset
for x,. But this latter fact is easy enough to see directly from the definitions and Facts 3.17. It
can be seen that M(A) contains an isomorphic image of any other splitting poset R for x, as a
weak subposet. In effect, such an R has the same vertices as M(\) but only a subset of its edges.

We call M(X) the mazimal splitting poset for x, . []

Example 3.25: Splitting posets for adjoint characters. Let g be connected. Define A
to be the set {(i,7)|(e,)) < 0};jer, modulo the equivalence (i,j) = (j,i). For k € I, set
AF) = AU{(k,k)}, so |[A®)| = n. Let L*) be the set & U A®) U d~. Place directed edges
with colors from the set I,, between the elements of L(¥) as follows: Write o iR G if o and 3 are
both roots in ®+ (or are both in ®~) and a4+ o; = 3. For each pair (4,7) in A® | include edges
—a, 5 (i,7) = a, if and only if 7 = i or r = j. It is a consequence of Facts 3.7 that L®*) is the
Hasse diagram for a ranked poset. We call A®) the middle rank of L*®). For reasons explained by
Theorem 1.2 of [Don5|, we call L%) the kth extremal splitting poset for the adjoint character Xo
for g. In that paper it is shown in Proposition 6.1 that the L(*)’s are precisely the modular lattice
supporting graphs for graphs for the adjoint representation of the simple Lie algebra g. It follows
that each L(¥) is a splitting modular lattice for the adjoint character X5 for g (cf. Example 3.18).
In [Don5] Corollary 6.2, it is also observed that an extremal splitting poset L% is a distributive

lattice if and only if g is one of A, B, C,, F4, or G and ~y;, is one of the end nodes for g.

43



There are similar objects for the short adjoint characters Xa o, cf. Example 3.18, [Don5|.

Modify the constructions of the previous paragraph using only ®gp,+. This results in splitting

(%)

modular lattices L short

for the short adjoint character, where each index k € I, is such that a;
(k)

is short. As with the extremal splitting posets for the adjoint characters, we see that L, ., is a
distributive lattice if and only if g is one of A,,, B,, C,,, F4, or Go and «ay, is a short simple root with

at most one adjacent short simple root in the Dynkin diagram g. []
§3.11 The numbers game and computations related to Weyl groups and roots

systems. This subsection applies recent results of [Don6| in studying the combinatorial ‘numbers

game’ of Mozes [Moz| and Eriksson [Erik1], [Erik2], [Erik3].

For the next two paragraphs, temporarily relax the finiteness hypothesis for W = W;. For
the game we describe next, a position A is an assignment of numbers ()\;);cz, to the nodes of the
GCM graph g = (I', M). As with weights, say the position X is dominant (respectively, strongly
dominant) if \; > 0 (respectively A\; > 0) for all i € I,;; \ is nonzero if at least one \; # 0. Given a
position XA on a GCM graph (I', M), to fire a node +; is to change the number at each node 7; of T’
by the transformation

)\j [— )\j - Mij)\h

provided the number at node -y; is positive; otherwise node ~y; is not allowed to be fired. The
numbers game is the one-player game on a GCM graph (I, M) in which the player (1) Assigns an
initial position to the nodes of T'; (2) Chooses a node with a positive number and fires the node to
obtain a new position; and (3) Repeats step (2) for the new position if there is at least one node

with a positive number.

Consider the GCM graph Co. As we can see in Figure 3.4, the numbers game terminates in
a finite number of steps for any initial position and any legal sequence of node firings, if it is
understood that the player will continue to fire as long as there is at least one node with a positive
number. In general, given a position A\, a game sequence for A is the (possibly empty, possibly
infinite) sequence (7i,,%i,, - - -), where 7;, is the jth node that is fired in some numbers game with
initial position A\. More generally, a firing sequence from some position A is an initial portion of
some game sequence played from A; the phrase legal firing sequence is used to emphasize that all
node firings in the sequence are known or assumed to be possible. Note that a game sequence
(YViys Yigs - - - »Yiy) 1s of finite length I (possibly with [ = 0) if the number is nonpositive at each node

after the [th firing; in this case we say the game sequence is convergent and the resulting position is
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Figure 3.4: The numbers game for the Dynkin diagram C,.
a b

*r—r———<<+—0

\.
y:

—a a+b a4+ 2b —-b
*—r ——<<+—0@ *—r ——<<+—0@

Y1 2 71 2
a4+ 2b —a—>b —a — 2b a+b
*—r ——<<+—0 *—r ——<<+—0
Y1 2 71 2
—a —2b b a —a—>b
*—r ——<<+—0 *—r —<<+—0
Y1 2 7 2
—a —-b
*—r ——<<+—0
7 72

the terminal position for the game sequence. We say a connected GCM graph (I', M) is admissible
if there exists a nonzero dominant initial position with a convergent game sequence. Theorem
6.1 of [Don6] shows that a connected GCM graph is admissible if and only if it is a connected
Dynkin diagram of finite type. In these cases, for any given initial position every game sequence

will converge to the same terminal position in the same finite number of steps.

Return now to the assumption that W = W is finite. The moves of the numbers game relate
directly to the Euclidean representation ¢ : Wy — GL(V, (-,-)), cf. §3.5. To see this, view a position
A = (Ni)ier, on g as the weight > A\;w;. Now observe that firing node 7; from weight A on g results
in position @(s;)(N): At each j € I, (si-A, o) = > Ap(wr, af ) — Ni{ai, @ ) = Aj — My A;. Tt follows
from Eriksson’s Reduced Word Result (see Theorem 2.8 of [Don6]) that (v;,,Vi,,--.,7%;,) is a game
sequence for a numbers game played on g from any given strongly dominant initial position if and
only if s;,---s;,5; is a reduced expression for wp, the longest element of WW. For the rest of this
subsection, let s;,s;, ,---s;, be a fixed reduced expression for wy. The next result is an immediate

application of Theorem 5.2 of [Don6] concerning the positive roots ®+.
Theorem 3.26 For 1 < j <1, set (3 := 5,8, *8i;_,-0;;. Then ]{ﬁj}ézﬂ =l and {B;} = o+,
Corollary 3.27 Keep the notation of Theorem 3.26. Let A = > \jw; € AT, For 1 < j <1 let c;

be the number at the i;th node when we play the legal firing sequence (i, iy, - - -,%i;_,) from the
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initial position (\; + 1);ez, on the Dynkin diagram g. Then (X + Q,ﬂj\/> = ¢;. Moreover,

! !
H(l—q)‘“” Hl—q and H()\+Q,av>:Hc]
j=1 j=1

acdt acdt

Proof. Tt follows from Lemma 3.5 above that 3/ = s;;si,-+si;_,.c;). We now have (A +
0.8) = (A+ 0,801,850y 8i;_y.0) = (si; 1" 8iz8i,-(A + 0),0}), which is the i;th coordinate of
Si;_1SiySip-(A+0). That is, (A + o, ﬂj\/) = ¢;. By the preceding theorem, for each positive root a
there is one and only one j such that a = (3;. Then we can index the products over the positive

roots using j = 1,...,[ instead, which completes the proof. []

Proposition 3.28 Keep the notation of Theorem 3.26. Assume g is connected. Consider the trans-

pose Euclidean representation ¢' : Wy — GL(VT,(-,-).) as in §3.5, with simple roots {a] }ic1,

2
and fundamental weights {w, }ic1,. Suppose 3 = si,5:,- - 84,0y, =y ko € T is short (resp.
long). Let BJ-T = 84y Siyt -sijfl.aiT, a root in ®T, with (ﬁJT) = iy Siy " *Si;_y- () the correspond-
ing root in (®1)V, ¢f. Lemma 3.5. (1) Then (5-7—)v is positive and short (resp. long). (2) For a
strongly dominant weight =Y pw T let d; denote the number at the ijth node after playing the
legal sequence (7iy,Yiy, - - - Vi;_,) from initial position (pi;)ics, on the transpose graph g'. Then
(s (B = dj = 3 Kipus.

Proof. By Proposition 3.8, R(g,¢',{(a])"}ier,) is isomorphic to R(g, (61T, {(a])  }ier,)
via the identity bijection on I,, which in turn is isomorphic to R(g, ¢, {c;}icr,) via the iden-
tity bijection on I,,. So given ; = Y ki, it follows that (B;I')v = Y ki(a])V. We see that
(ﬁ;r)v is positive. From Proposition 3.8, it follows that (ﬁT)V is also short (resp. long). Now
(55,5150t (1) )3 = (0 (B))¥)7 = (X pawl s S ki(al)¥)y = ks From the paragraph
preceding Theorem 3.26, we see that s;; ,---8;,8;,.u is the position resulting from the firing se-
quence (Vi Yig, - - - ,fyij_l) played from initial position (u;)ics, on the transpose graph gT. Then
dj = (Si;_ 1 *5iySiy -1y (aiTj)V>T is the number at the i;th node. L]
Remark 3.29 In view of the preceding results, the numbers game gives us simple iterative pro-
cedures for producing data concerning roots and Weyl group actions needed for example for the
following computations. To compute the rank generating function of Theorem 3.21 above, ob-
serve that by Corollary 3.27 the exponents of the numerator and denominator in that formula are
numbers appearing in a numbers game played from initial positions (A; + 1);ez, and (1);er, on g
respectively. In combination, Theorem 3.26 and Proposition 3.28 show that if we play a numbers

game on gT from a generic strongly dominant position (u;);cr,, then any positive root 5 = > ki«
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in ® will appear exactly once as the expression ) _ k;ju; at node ;; when it is fired. By Proposition
3.8, # will be short (resp. long) if and only if ag; is long (resp. short) if and only if a;; is short
(resp. long). Finally, to compute the action of wy on V, start with a generic strongly dominant
weight A = ) \jw; as an initial position on g and play the game sequence (Vi,,Viy,---,7,). Lhe
terminal position is s;,- - -S;, i, .A = wp.A. But since wo.A = — ) AiWgy (), one can now deduce how
oo permutes the elements of I,,. These techniques are applied to Gg in the next subsection.

We close this subsection with proofs of two results stated in §3.8.

Proof of Theorem 3.13.2. First assume (I', M) is connected. In this case it is only required that
R has at lease one edge. Choose a vertex to for which A := wt r(to) is dominant. (For example,
take tg to be any element of highest rank in R.) Since R has at least one edge, A(?) is nonzero. Let
(Yiys Vigs - - -) be any game sequence played from initial position A(?) on (I', M). For each p > 1, A®)
is the position in the sequence just after node -;, is fired. Next, we define by induction a special
sequence of elements from R. For any p > 1, suppose we have a sequence tg, t1,...,t,_1 for which
wtr(ty) = A9 and p(t,) < p(t,_1) for all 1 < ¢ < p— 1. We wish to show that we can extend
this sequence by an element t, so that wtg(t,) = A®) and p(t,) < p(t,—1). Take t, to be any
element of comp; (tp—1) for which p;,(t,) = i, (tp—1) — pi, (tp—1). Since firing node ~;,, in the given
numbers game is legal from position A1), then )\Z(ffl) > 0. But )\,Effl) = 2p;, (tp—1) — li, (tp—1).
So, pi,(tp) = li,(tp—1) — pi, (tp—1) < pi,(tp—1). It follows that p(t,) < p(t,—1). Since R satisfies
the M-structure condition, then wtgr(t,) = wtr(tp—1) — )\Z(-f_l)aip. But \#-1 = wtr(tp—1) and
AP = \(=1) )\Z(ffl)aip. In other words, wtg(t,) = AP). So we have extended our sequence as
desired. But since R is finite, any such sequence must also be finite. Hence the game sequence
(Viys Vigs - - -) is convergent. Then by Theorem 6.1 of [Don6], (I', M) must be a Dynkin diagram of
finite type. Since every node must be fired in a convergent game sequence for a numbers game

played on a connected GCM graph (Lemma 2.6 of [Don6]), then it follows that edgecolory is

surjective.

In the general case, pick a connected component (I, M’) of (I', M), and let J := {x € I}, erv.
Now pick a J-component C of R such that C contains at least one edge whose color is from J. The
previous paragraph implies that (I, M) is a connected Dynkin diagram of finite type and that for
every color in J there is an edge in C having that color. Applying this reasoning to each connected
component of (I', M), we see that (I", M) is a Dynkin diagram of finite type and that edgecolorp

is surjective. L]
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Proof of Proposition 3.15. The second assertion of the proposition, which concerns (g, \)-
structured distributive lattices, is an immediate consequence of the first assertion concerning M-
structured posets with unique maximal elements. So we only need to prove the first assertion. Then
let R be as in the first assertion of the proposition statement. Let tg be the unique maximal element
of R. Then wtgr(ty) = A is dominant. If X is the trivial zero weight, then R = {to}, an equality of
sets. That is, tg is also the unique minimal element of R. Note that then wg.A = A = wig(ty), so

the proposition statement is true in this case.

Now suppose A is nonzero. Proceeding exactly as in the previous proof, we can construct a

sequence of elements of R and their associated weights corresponding to a numbers game played

on g from initial position A. We get a game sequence (7, Vi,, - - - ,7i,) such that the corresponding
numbers game positions are A(® = X\ A1 AP We also have these positions as weights of
certain vertices to,t1,...,t, from R: wtr(t,) = A9 for 1 < ¢ <p.

We now invoke results from §3 of [Don6]. Let A be J¢dominant, for J C I,,. We write (wyo),
for the longest element of W; (the subgroup of W generated by {s;};c7s), and (’LUO)J denotes the
minimal length coset representative of wg, cf. §3 of [Don6]. Then by Corollary 3.4 of [Don6|, we
must have (wg)’ = S, *8iy8i; . S0 the terminal position must be (wo)” A But (wp), stablizes A,
SO wo. A = (wo)J(wo)J.)\ = (wO)J.)\ is the terminal position for the game. That is, A?) = wtg(t,) =
wo-A.

Let TI(R) := {wtgr(s) | s € R}. We claim that II(R) C II(A). That is, we claim that for all s € R,
wtr(s) € II(A). (For a definition and some results about II(\), see Facts 3.17 above and Chapter
13 of [Huml].) We prove our claim by induction on the depth of elements in R. When J(s) = 0,
then s = tg. Then witgr(s) = A € II(\). For our induction hypothesis, assume that for some positive
integer k£ and for all x € R with d(x) < k, it is the case that wtr(x) € II(A\). If d(s) = k, then
s is not maximal in R, so s - t for some t € R. Let u € comp;(s) such that §;(u) = 0. Let
= wtr(u). We have 0 < §;(s) < l;(s), and wtgr(s) = u — d;(s)a;. By the induction hypothesis,
p € II(A). Now (u, o)) = pi(u) — d;(u) = p(u) = I;(u) = l;(s). By Chapter 13 of [Hum1], we know
that II(\) is ‘saturated’. In particular, this means that pu — pa; € TI(A) for all 0 < p < [;(s). So
wtp(s) € TI(A). This completes the induction step, and the proof of our claim.

So now if s t, for some s € R, then witp(s) = wtr(ty) — o = wo.A — ;. But II(R) C II(A),

in which case wtg(s) < wp.A in the partial order on II(A). But by Facts 3.17, wg.\ is the unique
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minimal element in II(A). So there can be no such s. In particular, t, is a minimal element of R

with weight wq.A, as desired. []
§3.12 An extended example: G,. We now illustrate the main ideas of the preceding
2 _
subsections with an example. We work with g = Gs, which has Cartan matrix ( with
-3 2

. 2 1
verse .
3 2

The Weyl group W is (s1,s2|s7 = 53 = (s152)% = (s251)% = €). This is easily seen to
be the 12-element dihedral group. Its elements are {¢, s1, s2, s152, S281, $15251, S281S2, S15251S2,

52815281, 5152515251, §251525152, 515251525152 = 828182818231}.

Let a1 and as be simple roots for the YW-module V' = spang (o, a2). We have s;.o; =

aj — Mja; for i, j =1,2. Set (a1, 1) = 2. Then (ag, an) = %ﬁ; (o1,1) =3-2=06. So o is short

1

and az is long. Also, (a1, a2) = 5{a2, ag) M2 = % -6+ (—1) = —3. Similarly see that (a2, 1) = —3

as well. Then relative to the basis {1, as} for V, the inner product (-,-) is represented by the
. 2 =3
matrix .

Using gT, we compute the short and long roots in ®*. For the game sequence (71,
Y2, Y1, Y2, V1, v2) played in Figure 3.5 from a generic strongly dominant initial position (a,b)
on gT, observe that the numbers at the fired nodes are a, 3a + b, 2a + b, 3a + 2b, a + b, and b
respectively. Using Remark 3.29, it follows that ®+ = {a1,3a140a2, 201 +ag, 3a1+2a0, a1+, ast,

q)+

Thort = 101,201 + g, 01 + a2}, and o' = {3a;+a9,3a; +2as,as}. Recall that o corresponds

long

to the first row of the Cartan matrix and as corresponds to the second, relative to the basis of
fundamental weights. That is, a1 = 2w; — wo and @y = —3w; + 2ws. Note that 3a; + 2a0 = wo is
the highest root w, and that 2aq + ag = w; is the highest short root wWgpere. (Alternatively, these

calculations are easily confirmed by directly computing the actions of the 12 elements of VW on the

simple roots a; and ag.)

At this point, we could use Theorem 3.11 to confirm that W| = 12, if we did not already
know this by other means. The highest short root Wspert = wi is Jé-dominant for J = {2}. Then
we have |®gpore| = 2|®F, .| =2-3 =06, and [W;| = [W(9y| = 2. Then [W|=6-2 = 12.

From the numbers game played on gT from the generic strongly dominant position (a, b),

we see in Figure 3.5 that the terminal position is (—a, —b). That is, wo.(aw] +bwg ) = —aw; —bw, .

Since g' = g, we obtain that wp.(aw1 + bwy) = —aw; — bwo for a generic strongly dominant weight
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Figure 3.5: The game sequence (7y1,72,71,72, 71, Y2) played on Gg
from a generic strongly dominant position (a, b).

a b
*—> rr——<—0
Y1 Y2
—a 3a+b
*—> rr——<—0
Y1 Y2
2a +b —3a—b
*—> rr——<—0
Y1 Y2
—2a—b 3a + 2b
*—> rr——<—0
Y1 Y2
a+b —3a — 2b
*—> rr——<—0
Y1 Y2
—a—2b b
*—> rr——<—0
Y1 Y2
—a —b
*—> rr——<—0
Y1 2
awi + bws. Then wy.w; = —w; and wg.wy = —ws. In particular, the symmetry og of the Dynkin

diagram g is the identity.

From Proposition 3.9 it follows that s1.w1 = w1 —a1 = —w1 +wa, s1.W2 = wa, Sa.wW1 = Wi,
and sy.wy = w2 — ag = 3wy — wsy. Let z; and 22 denote the elements e,, and e,, of the group ring
Z[A]. In this notation, sj.z1 = 21_122, 81.29 = z2, 89.21 = 21, and S9.29 = z%z;l.

Following Example 3.18 the adjoint and short adjoint characters are:

. _ 3,—1 -1 —3_2 2,-1
Xo = Xuy = char(we;21,22) = 22+ 2129 F 21+ 2 22tz T2+ 2%

-2 3,2 -1 -1 -3 —1

T2+ 2+ 212y 212y 2 2 T2t 2

= x.. = char(ws; ) = mtaltat 2 b1t a4t

X = Xo, = w1;21,22) = 21+ 2] 22+ 212 21 ‘20 + 2129 zy

Wshort
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One can verify by hand that these polynomials are VW-invariant by using the prescribed action to

see that s; and so preserve each polynomial. For example,

—1 -1 -2 —1 —1
59X =s9.X,, = 5S2.(214 2 ot 2l 1+ 2 2+ 22yt + 2 Y

Wshort

= za+z (@A) +A4ES )T () Fatin )T 4

2_—1 —1 —1 -2 -1
= 21 +2{29 +2{ z2+1+2125 +2] 22+ 2

We note for the record that the alternating sums A, and A, can be written down directly

using the definitions since the Weyl group W is small for Go:

-1,2 _ 4,1 —4 -2 - - -5,2 , 4 -
Ag = mzm—2 ' =2 b Ayt = 0 — g 2 s
—4 -2, 1,1
—Zy 22 — 2129+ 21 2y
_ atl b+l —(a+1) a+b+2 _ _a+3b+4 —(b+1) —(a+3b+4) _a+2b+3
Apra = 217 -2 2 - A Z9 +2 22

—(a+b+2 —(2a+3b+5 —(a+2b43
_"_Z%a+3b+522 (a+b+2) _ 2 (2a+3b+ )Z<21+2b+3 _ z%a+3b+5z2 (a+2b+3)

—(2a+3b+5 —(a+2b+3 —(a+3b+4
vz (2a+3b+ )Zg+b+2 4 Z%+3b+422 (a+20+3) 2 (a+3b+ )2127+1

—(a+b+2
atl, (a++)+

et —(a+D) ~(b+D)

1 2

At this point, one could use a computer algebra system to quickly confirm that A,x,, = Aptw, for
each i =1, 2.

We can compute the g-specialization of Proposition 3.20 for an irreducible g-character
X, as follows. Take A\ = aw; + bws € AT. Note that (w1, 0¥) = (21 + a2, 0") = 3 and (w9, 0") =
(3ay + 2a2,0¥) = 5. Also, —(wg.\, 0") = —(—awy — bws, 0) = 3a + 5b. Then for any connected

splitting poset for x, we have
RGF(R,q) = q3“+5bcharg()\; 21, 22) | 2y =¢3 20—

In the case of A = wy, we have

RGF(R,q) = ¢ <q5 + ¢+ + a7 + ¢ %" + ¢

5
+2 + q—6q5 + ng—lo + q3q—5 + q—3 + q—9q5 + q—5>
= "+ 202 2+ P P gt
In the case of A = wy, we have
RGF(R,q) = *(@+q ¢+ +1+¢ %+ +q7°)

= q6+q5+q4+q3+q2+q+1
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Now on g play the numbers game from initial position (a+1,b+1), where a and b are nonnegative.
For the game sequence (71, v2, Y1, Y2, 71, 72) played from this position, the numbers at the fired nodes
are a+1, a+b+2, 2a+3b+5, a+2b+3, a+3b+4, and b+1 respectively. See Figure 3.6. Then using
Remark 3.29 together with Theorem 3.21, we have the following formula for the rank generating
function for any connected splitting poset R for the g-character x, with A = aw; + bws € A™T:

— qRaFBEBY (] qaBbRA) (] _ qat2b43)(] _ qatbt2) (] _ ghtly(] — gatl)

1-)1-gH(1 -1 -¢*)1-q)(1~q)

It follows from Corollary 3.22 that the dimension of x, is

RGF(R,q) = &

(2a+3b+5)(a+3b+4)(a+2b+3)(a+b+2)(b+1)(a+1)
5-4.-3-2-1-1

and from Corollary 3.23 that the length of R is
0(A\) = (2a + 3b) + (a + 3b) + (a + 2b) + (a + b) + a + b = 6a + 10b.

Now consider the short adjoint character, which is the fundamental character x,, . In this case,
note from our computation above that each coefficient c,, , in the character polynomial is unity.
From Facts 3.17 and Example 3.24 it follows that the maximal splitting poset M (w;) coincides with
II(w1), as depicted in Figure 3.7. Check that in this case, no edges can be removed from M (wy)
without violating the g-structure property. Thus M (w) is the unique splitting poset for X, In
particular, M(wy) coincides with the SDL built from ®gp4¢ in Example 3.25. The vertex-colored
poset of irreducibles F,, is also depicted in Figure 3.7. Next we consider the adjoint character x,, .
In this case, we can build two SDL’s using Example 3.25. These are depicted in Figures 3.8 and
3.9, along with their vertex-colored posets of irreducibles. The poset of irreducibles depicted in

Figure 3.8 is designated as F,,, for reasons explained in the next paragraph.

Certain distributive lattice orderings of Littelmann’s Gg-tableaux [Lit] were found by Donnelly.
The main result of [Mc|] was to confirm Donnelly’s conjecture that these lattices are SDL’s for
the irreducible g-characters. Using ideas related to [DW], these Gg lattices are constructed in
[ADLMPPW] by ‘stacking’ the posets of irreducibles denoted P,, and P,,. For a dominant weight
A = awq + bwa, one ‘stacks’ a copies of P, ‘on top of’ b copies of P,,, or alternatively one stacks b
copies of P, on top of a copies of P,,. (See Figures 3.10 and 3.11 for the a = 2,b = 2 cases.) These
are posets of irreducibles for two ‘Gg-semistandard’ lattices denoted Léo; (M) and L%i (A). These
SDL’s for x, are related by the recolored dual: L%i (\) = (L’éi(/\))A.
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Figure 3.6: The game sequence (71,72, 71,72, 71, 72) Played on Gy
from a position (a 4+ 1,b+ 1) with a and b nonnegative.

a+1 b+1
Y1 Y2
—a—1 a+b+2
P —<¢<¢t+—0
Y1 Y2

2a+3b+5 —a—b—2

<4+

71 Y2

|

—2a—-3b—5 a+2b+43

<4+

7 72

|

a+3b+4 —a—2b—3

<44+

gat Y2
—a—1 —-b—1

P <44+

At Y2
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Figure 3.7: M(w1) = II(wy) is edge-color isomorphic to Jeeor (P, )-
Order ideals are notated as in Figure 2.7. A weight pw; + qws is denoted (p, q).

Vertex to t1 to ts3 ty ts tg
Weight (1,0) (1,-1) | (-2,1) | (0,0) | (2,—-1) | (-1,1) (—=1,0)
Root 200 + g | a1 + ag o NA —aq -] —ag | =201 — o

to o (1)

t1 o (2)

tz o (3)

ts o () = Jeoior

ts o (5)

ts o (6)

tc o 0
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Figure 3.8: An SDL for x,,, identified as J color (Py) for a vertex-colored poset P,,.
Order ideals are notated as in Figure 2.7. A weight pw; + qws is denoted (p, q).

Vertex to t1 to ts ty ts te
Weight (0,1) (3,-1) (1,0) (-1,1) | (=3,2) | (2,-1) | (0,0)
Root 3a1 +2as | 3a1 +as | 201 +as | a1 + as Qs o1 NA
Vertex tr ts tg t1o t11 tio ti3
Weight || (0,0) | (3,-2) | (—2,1) (1,-1) (—1,0) (—2,1) (0,-1)
Root NA —Qg —a -1 —ag | =201 —ag | =31 —ag | =301 — 2
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Figure 3.9: An SDL for x,,, identified as Jeotor (@) for a vertex-colored poset Q.
Order ideals are notated as in Figure 2.7. A weight pw; + qws is denoted (p, q).

Vertex t() tl tQ tg t4 t5 t6
Welght (071) (37_1) (170) (_171) (_3?2) (27_1) (070)
Root 3a1 +2as | 3a1 +as | 201 +as | a1 + as Qs o1 NA

Vertex t7 tg tg th t11 t12 t13
Welght (Oa O) (3a _2) (_27 1) (la _1) (_L O) (_2a 1) (Oa _1)
Root NA —Qg —a -1 —ag | =201 —ag | =31 —ag | =301 — 2
= Jcolor
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Figure 3.10: The stacking P := P, < P, < P,,, < P,,, of fundamental posets F,, and P,,.
Theorem 5.3 of [ADLMPPW] shows that Jeeior(P) is an SDL for the Ga-character x,,, .., -

V10
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Figure 3.11: The stacking Q) := P,,, < P,,, < P,,, < P,,, of fundamental posets P,, and P,,.
Theorem 5.3 of [ADLMPPW] shows that Jeeior(Q) is an SDL for the Ga-character x,,, .., -
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