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Abstract

It is well known that many noncompact hyperbolic 3-manifolds are topologically
complements of links in the 3-sphere. We extend this phenomenon to dimension 4 by
exhibiting an example of a noncompact hyperbolic 4-manifold that is topologically the
complement of 5 tori in the 4-sphere. We also exhibit examples of hyperbolic manifolds
that are complements of 5n tori in a simply-connected 4-manifold with Euler charac-
teristic 2n. All the examples are based on a construction of Ratcliffe and Tschantz,
who produced 1171 noncompact hyperbolic manifolds with Euler characteristic 1. Our
examples are finite covers of the Ratcliffe-Tschantz manifold with the biggest symmetry

group.

1 Introduction

Let H” be the n-dimensional hyperbolic space and let G' be a discrete subgroup of Isom H”,
the isometries of H". If G is torsion-free, then M = H"/G is a hyperbolic manifold of
dimension n. In this paper, the term “hyperbolic manifold” will always be used for a manifold
that is also complete, noncompact and has finite volume. Such a manifold M is the interior
of a compact manifold with boundary M (see, for example, [1]). Every boundary component
of M is a compact flat (Euclidean) manifold, i.e. a manifold of the form R"™!/K, where K
is a discrete subgroup of Isom R"™!, the isometries of R" 1.

We say that M is a (codimension-2) complement in a closed n-manifold N if M = N — A,
where A is a closed (n — 2)-submanifold of N that has a tubular neighborhood and has as
many components as OM. Typically one would like N to be a familiar manifold, such as S".

It is a well-known fact (see [9, 11]) that many hyperbolic 3-manifolds are complements
of links in the 3-sphere. The main purpose of this paper is to generalize this phenomenon



to dimension 4, that is, to provide an example of a hyperbolic 4-manifold that is a comple-
ment inside the 4-sphere and to provide some examples where the hyperbolic manifolds are
complements in other simply-connected 4-manifolds.

In [5] we considered the general problem of when M may be thought of as a complement.
Let M = N — A be a complement. Then every component of M must be an S'-bundle
since it will be the boundary of a tubular neighborhood of a component of A, and every
component of A must be a flat (n — 2)-manifold, because flat manifolds are S'-bundles only
over flat manifolds (see [5]). In the 3-dimensional case, all components of M are either tori
or Klein bottles, both of which are S'-bundles over S, so every hyperbolic 3-manifold is a
complement. A slight problem arises for n > 4 where there exist (n — 1)-dimensional flat
manifolds that are not S'-bundles. It was shown by Nimershiem in [6] that every closed,
connected flat 3-manifold is a boundary component of some hyperbolic 4-manifold , so not
every hyperbolic 4-manifold is a complement.

We now focus on the case n = 4. Again, let M = N — A. Then components of A
can only be tori or Klein bottles. Furthermore, we proved in [5] that for a fixed N there
exist at most finitely many nonisometric hyperbolic manifolds that are complements in N.
This is a consequence of the following three facts: that necessarily x(M) = x(N), that
Vol(M) = 4w?/3 - x(M) (Gauss-Bonnet theorem for hyperbolic 4-manifolds), and that there
are finitely many nonisometric hyperbolic 4-manifolds with volume less than a given number
(Wang’s theorem, [10]). Therefore, there exist only finitely many hyperbolic manifolds that
are complements in S* and they must have Euler characteristic 2.

A good part for the reason that some hyperbolic 4-manifolds have not already been
identified as complements is that there is a small number of examples in the literature that
are given in such a way that their topology can be handled more or less easily. One way to give
a hyperbolic manifold that allows for relatively easy computation of topological invariants
is to represent it as a hyperbolic polyhedron whose faces have been identified via hyperbolic
isometries. Such constructions have been done by Ratcliffe and Tschantz [8], Nimershiem [6]
and the author [4] and we looked for complement candidates among them, primarily among
examples with low Euler characteristic.

Ratcliffe and Tschantz used a computer to find different ways of pairing the sides of a
24-faced hyperbolic polyhedron that yield a hyperbolic manifold. They found 1171 noniso-
metric examples with Euler characteristic 1, most of them unorientable. In our search for
complement examples we tested some suitable Ratcliffe-Tschantz manifolds (their boundary
components had to be S'-bundles) and found an example whose double cover is a complement
in S*. The main result of this paper is the following:



Theorem 4.3 Let M be the Ratcliffe-Tschantz manifold no. 1011. Then M is a com-
plement of 5 tori in a 4-manifold N with mN = Zy. The orientable double cover of M 1is
the complement of 5 tori in S*. Furthermore, the orientable double cover has cyclic covers

of any index n that are complements of 4n+ 1 tori in a simply-connected closed manifold N
with x(N) = 2n.

There are two examples by the author that have Euler characteristic 2, P/®; and P/®,
in the notation of [4]. It turns out that P/®, has boundary components that are not S'-
bundles. We also showed that P/®; is a complement in a 4-manifold with fundamental group
Z, and hence has a double cover that is a complement in a simply-connected 4-manifold.
Nimershiem’s examples are complements when all their ends are S*-bundles, however, they
have higher Euler characteristics and have not been studied by the author from the point of
view of being a complement in a familiar 4-manifold.

The large number (1171) of Ratcliffe-Tschantz manifolds may give rise to other examples
of complements in the 4-sphere. However, a criterion in §5 rules out most of these manifolds,
leaving about 346 (hand count) of them eligible for having a double cover that is a comple-
ment in the 4-sphere. At this point, we can claim only one example with that property, the
mentioned manifold no. 1011.

Acknowledgement. Practically all of the work in this paper was done while the author
held a temporary position at the George Washington University. I take this opportunity to
thank the GWU Department of Mathematics for providing a very congenial atmosphere and
being very supportive of all my efforts during the years I was there.

2 Hyperbolic manifolds as complements
The following theorem summarizes some results from [5] that we will use in this paper.

Theorem 2.1 Let E = R" /K be a compact flat (n — 1)-manifold, where K is a discrete
subgroup of Isom R"™! = {Az + a|A € O(n), a € R""'}. Then E is an S'-bundle over a
manifold B if and only if there exists a translation t € K such that (t) is a normal subgroup
of K and t is not a power of any element of K other than t*'. If the translation is given by
x +— x4 v the normality of (t) can be expressed as Av = tv for every A such that Ax+a is
an element of K. Furthermore if n — 1 # 4,5 (we are interested in n — 1 = 3 in this paper)
the manifold B above is a flat manifold. O

Let M = H"/G be a hyperbolic n-manifold that is a complement in some closed manifold
N, that is M = N — A as in §1. Let OM = Ey U---U E,,, where each E; is a flat (n — 1)-
manifold. For simplicity, we often imprecisely say the F;’s are boundary components of M
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inclusion

as well. We recall that m E; 7 M is injective. Every boundary component of M
corresponds to a conjugacy class of parabolic subgroups in GG, that is, groups consisting only
of parabolic hyperbolic isometries that fix a point v in JH". Parabolic isometries also fix
every horosphere centered at v. Inside the horosphere, whose inherited metric is isometric
to R™ !, they act as Euclidean isometries. Each E; is an S'-bundle over a component B;
of A. Let t; denote the element of m F; C m M that represents the fiber of the S'-bundle
E;. Then, by Theorem 2.1, each ¢; must be a translation in this group and (¢;) is a normal
subgroup of m E;. We call such an element of 7 F; a normal translation. Furthermore, if ¢;
is not a power of any other element of K other than tfl we call t; primitive in m E;. We
have

Proposition 2.2 Let M be a complement in N and let OM = E\U---UE,,. Ifty,... t, €
m M represent fibers of the S'-bundles Ey, ..., E,, then ;N = m M/ ({t1,...,tm)), where
((A)) denotes the normal closure of a subset A C mM. In other words, if we have a
presentation for M, the presentation for N is obtained by adding relatorst, =1,...,t,, = 1.

Proof. We may assume OM has only one component £ — if there are more, the claim
follows by induction. Let t represent the S'-fiber in F and let B be the base manifold in
the S'-bundle. Let D be the 2-disc bundle over B obtained by filling out every S!-fiber by
a disc so that 9D = E and N = M Ug D and let p : D — B be the fiber projection. By van
Kampen’s theorem

mN =mM xmD/ {{i1.(e)is(e) ', e € ME)),

where ©7 : £ — M and 72, : E — D are inclusions. However p, : mD — mB is
an isomorphism and we may consider m E as a subgroup of m M so the above group is
m M x B/ {{ep.(e)™, e € m E)). The inclusion map m M — 7 M * m B induces a map

m M/ {{t)) 2y M m B/ ({ep.(e)7!, e € m E)). We show that ¢ is an isomorphism. It is
surjective, since for every element b € m B we have b = p,(e), hence [b] = [ep.(e) 'p.(e)] =
[e] € im ¢.

Now suppose that ¢([g]) = 1 for some g € 7M. Then g = [] xi(eip.(e;) ") o, where
e; € mE and x; € mM x 7 B is a product of elements in m M and m B. However, note that
a conjugate by b € m B, where b = p.(e), is byb™' = e(e p.(e))y(e 'p.(e))te™!, so if y has
the form [] g;(e;p.(e;) ") *'g; ", g; € mM then

byb~" = TTbg;(e;p.(e;)~)* g b~ = [Te(e'pule))g;(espule;) ) gy (e pule)) e =
[Te(e7'pa(e))e™ (eg;)(espale;) ™) (eg;) ™" ee™ pule)) e



which has the same form as y since e € m; M. By repeatedly applying this observation we
can transform the representation of g to g = [[ gi(eip«(e;)™1)'g; ", g; € m M. This equation
is in 7wy M * 7, B: in order to satisfy it, all the elements of 7; B, namely p,(e;)™!, must cancel.
Then either p,(e;) = 1 for all i which implies that e; = t*, so g = [] g;t**g; ! in which case
[g] = 1in m M/ ((t)), or there exists an i so that the term between p,(e;)** and p,(e;11)*!
cancels. It is not hard to see (there are four cases depending on the exponents +1) that the
product then reduces to a product of the same form with one fewer term, so the argument
is finished by induction. O

In order to simplify computations showing that a proposed M is a complement, we need
the following propositions.

Proposition 2.3 Let X 2 X be the covering space of a manifold X corresponding to a
normal subgroup H of G = m X. If E is a path-connected subset of X (e.g. a submanifold),

and K = i,(m(E)), where E - X is the inclusion, then the number of path-components of
p~Y(E) is equal to the index of KH in G. Note that this is the same as the index in G/H of
the image of K under the quotient map G — G/H.

Proof. Choose zy € E and let Y = p~1(xg). If we choose yy € Y there is a standard
correspondence G/H < Y given by gH < (the endpoint of the lift of ¢ starting at yo)

that we can compose to a map G/H 2, Y/ ~, where y; ~ y, if both are in the same
path-component of p~*(E). Suppose ¢(g1H) = ¢(g2H). Then loops g; and g» lift to paths
starting with yy and ending with y; and y, respectively and there is a path k from y1 to yo in
p~Y(E). Taking k = p o k gives a loop in E whose homotopy class is in K and the lift of g1k
has the same endpoint as gy, thus g1kH = goH, thus g, 'g; = hk™' for some h € H. Now
hk=' = k='khk='h, so g;lgl = k~'hy, for some h; € H because H is normal. Hence g; and
g2 are in the same class of K H. (Note that, due to normality of H, we can write any element
of KH as kh for some k € K and h € H.) Conversely, if g1 K H = go K H then g, = g1kh for
some k € K, h € H. Then the lifts of g1k and g, starting at yo have the same endpoint ys,
but since we may assume that the loop k lies in E then the endpoint y; of ¢, is connected to
Yo by a lift of k starting at y;, but this path is in p~1(E), so ¢(¢g1 H) = ¢(g2H). Therefore, ¢
induces a bijection between the set of path components of p~!(E) (same as Y/ ~) and the
set of left cosets of K H.

Note also that the number of preimages of xy that are in the same path-component of
p Y(E) is equal to the index of H in KH, which, by the standard isomorphism theorem
KH/H = K/(K N H) is equal to the index of K N H in K. O



Proposition 2.4 Let M be a hyperbolic manifold with OM = E; U ---U E,, and let t; €
mEy, .. tm € mE, be normal translations. Suppose that mi M/ ({t1,... ty,)) is a finite
group of order | and that t; is primitive in w1 E; N ({t1,... ty)) for everyi=1,...,m.

Then M has an [-fold normal cover that is a complement inside a simply-connected closed
manifold N .

Proof. Set G = m M, H = ({t1,...,tm)), K; = mE;; i=1,...,m and let ty,...,t, be
normal translations satisfying conditions of the theorem and let & = G/H, where ¢ : G — ®
is the quotient map. For every i, we may choose a finite set R; C K that is a transversal (i.e.
a set of coset representatives) of K; N H in K; and a finite set S; C G that is a transversal
of K;H in G. Any element g € G may be written as r;s;h for some r; € R;, s; € S;, h € H.
The conjugate g~ 't;g can then be written as h~'s; 'r; ‘t;rs;h = h's; 't s;h since ¢; is a
normal translation. The elements of ((ti,...,%,)) are products of form [] g;ltlij, g; which

can be written as [] h;lsj_lrj_ltli;rjsjhj =11 hj_lsj_ltilj sih; where h; € H, s; € S;; and
r; € R;,. Therefore, if ({(A)), denotes the normal closure in H of a subset A of H, then
H = <<t1,. .. ,tm>> = <<8;1ti8i | S; € SZ,Z = 1, c. ,m>>H

By Proposition 2.3, p~}(E;) has [® : ¢(K;)] = |S;| components, i = 1,...,m. Restricting p
to each of the components we get a covering of E; corresponding to the subgroup K;NH C K;.
Normality of translations ¢y, ..., t,, and the fact that each of them is primitive in K; N H en-
sure that each component of p~!(E;) is a fiber bundle and that we may choose as a fiber any
lift of a loop representing the element ¢; that is contained in p~'(E;). Therefore, the cover of
M corresponding to H C 7 M is going to be a complement in some closed manifold N. What
is T N? As seen above, components of p~!(F;) are in 1-1 correspondence with elements of
S; and a fiber in each component represents the element s 't.s;, where s; ranges through S;.
Inserting 2-disc-bundles that close off components of p~'(E;) gives us N, whose fundamental
group, according to Proposition 2.2, is H/ ((s; 't;s; | s; € Si,i=1,.. m>>H =H/H=1.0

3 Moving around a tiling of H"”

Let G be a discrete subgroup of Isom H" that is generated by side-pairings of its finite-sided
fundamental polyhedron P (see [7] or [4]). If S is a side of P, let s be the side-pairing that
sends S to its pair S’ (thus, sS = S’). Then s~! will pair S’ to S. For every point x in P
let [x], the cycle of x, be the set of all points in P that are obtained by sending x around P
via side-pairing transformations. As in [7], for every x € P let w(z) be the measure of the
“spatial angle” that P subtends at x, that is w(z) = Vol(B(z,r) N P)/ Vol B(z,r), where
B(z,r) is a ball around x with radius r small enough so that B(z, ) intersects only the sides



on which z lies. Set wlz] = 3>, w(y). Then G will be a torsion free group if and only if
wlz] = 1 for every € P (see [7]). Note that for a polyheron P with ideal vertices [z] is
well-defined for an ideal vertex as well.

Since P is a fundamental polyhedron, H” = U,eq g P where ¢ (int P) N go(int P) = @ for
g1 # g2 and any two polyhedra g; P and g, P either do not intersect or intersect along one
of their k-faces. Imagine a piecewise-linear path whose every vertex is in int gP for some
g € G and whose edges join vertices in adjacent translates of P so that the edge between
two consecutive vertices passes through the interiors of the sides that the adjacent translates
share. If the translates are g; P and g2 P and we exited through side ¢g;.5 of the polyhedron
g1 P, then we entered go P through side ¢»5’, where S’ is the side paired to S under the side-
pairing of P. If s is the transformation that pairs S to S’, then g, = ¢g;s~ 1. Thus, if we start
in translate g P and the path exits, sequentially, through the translates of sides Sy, ..., Sy,
of P, then the vertices of the path are in translates gP, gs;' P, gs; ' sy ' P,....,gs7 " ...5. ' P.

Let H be a finite-index subgroup of G with transversal X, so G = U,ex Hz. Then
@ = Uzex xP is a fundamental polyhedron for H (elements of X can be chosen so that @
is connected). How are sides of () paired in order to generate H? If R is a side of @, then
R = xS for some side S of P. Let f be the transformation that pairs R to a side R’ of Q.
Adjacent to @) on the other side of R' is f@Q and R’ = yS’ for some y € X. Now in the
tiling by P, translates fxP and yP meet along paired sides of P and one gets from yP to
fxP by exiting through 35’. By the above we get fx = ys, which implies ysz™! = f € H
making y the coset representative for Hxs~!. Therefore, side 2S5 gets paired to side 4.5’ via
f = ysx~!, where S’ is the pair of S under side-pairing s of P and y is the element of the
transversal of H that represents the coset Hxs .

We now turn to the special case where G is generated by reflections in the sides of a
polyhedron P. The following proposition is inspired by and generalizes a claim from [8] that
was specific to the polyhedra P and () Ratcliffe and Tschantz were considering.

Proposition 3.1 Let G be generated by reflections in the sides of a polyhedron P and let
H be a finite-index subgroup of G so that its transversal is a finite group K. (In other
words, G = HK and HN K =1.) Then the fundamental polyhedron for H is Q) = UgexkP
which is invariant under K. Furthermore, any side R of Q) is paired to a side R’ of Q by
a transformation of the form kr, where k € K is such that k(R) = R’ and r is a reflection
in R. Alternatively, R is paired to R by a transformation of the form r'k, where v’ is a
reflection in R' and k € K such that k(R) = R'.

Proof. Applying the above discussion to this situation, we see that side R = kS is paired
to side R’ = koS’ via f = kysk;', where s is a reflection in S. Then f = (kok; ") (kisk; ),

but r = klskrl_l is a reflection in k1.9 = R and k = ]fgk’l_l is an element of K that sends



R = kS to R = kS, so f = kr. Now we note that kr = krk='k and ' = krk=! is the
reflection in kR = R'. O

In this paper we will be interested in finding generators of parabolic subroups of GG that
correspond to fundamental groups of boundary components of the manifold. Let v be an
ideal vertex of P and let X, be the finite set of transformations in G that send vertices in
the cycle [v] to v. Thus for w € [v] there is a unique = € X, so that zw = v. The subgroup
G, = stab, G = {g € G | gv = v} is the fundamental group of the boundary component
of M = H"/G that corresponds to the ideal vertex v. Since the manifold is complete, G,
consists only of parabolic elements, so it will fix every horosphere centered at v. Choose a
sufficiently small horosphere C' centered at v that intersects only those sides of P in whose
closure v is. Then G, is a group of Euclidean isometries of C = R"~1. At other vertices in [v]
we choose horospheres z71C, where z € X,,. The set (z7'C) N P is a Euclidean polyhedron
in the horosphere x71C whose sides are intersections of sides of P with the horosphere 27 1C.

The fundamental polyhedron for GG, and its side-pairing transformations are found in
much the same way as the fundamental polyhedron of a finite-index subgroup of G, above.
First of all, the fundamental polyhedron for G, is P, = (Uzcx, ©P)NC where we can choose
elements of X, so that the above union is connected. Let x1.5 be a side of 1PN C, vy € [v]
so x1v; = v; let s be the side-pairing transformation that sends S to S/, and let vy = svy.
(Note that vy is on side S and vy is on side S’.) Then x5 N C will be paired to x2S N C
and the side-pairing transformation is 295271 — note that this transformation is in G,.

We will make use of the following proposition. For simplicity of notation, when we discuss
the fundamental polyhedron of GG,,, we are assuming the intersection of the polyhedron P
and its sides with the horosphere C' so we drop the “NC”.

Proposition 3.2 Let G, P, K, H and Q) be as in Proposition 3.1, v an ideal vertex of P,
G, = stab,G, and let X, be as above. Then Q), = Uyex,xQ) is the fundamental polyhedron for
G,. Let side xS of Q. be paired to yS’ via f = ysx~! where x,y € X,. Consider a piecewise
linear path (as above) that starts in xQ, goes to y@Q and exits through side yS’ of yQ. Suppose
the path from xQ) to yQ passes through different translates x1Q) = xQ, x2Q), ..., 1, Q,yQ of
Q, exiting every time through side x;S; of x;QQ and finally exiting through yS'. If x =y set
m = 0. This means that y = x5 sy" ... s}, where s; is the transformation that pairs S;.

Then the side-pairing f can be written as f = (qqm ... q1)x(ky ..k 'k~ o™ where ¢
is the reflection in the plane x;S;, q is the reflection in plane yS’, and k; and k are elements
of K in the decompositions of side pairings s; and s—', respectively, into form kr as in
Proposition 3.1.

In other words, as we go from xP to ysP we pass through a sequence of hyperplanes
containing v. The side-pairing that sends xS to yS’ is the product of reflections in those



hyperplanes and the conjugate of products of elements of K that correspond to the side-
pairings of sides whose translates we exit through.

Proof. Let x = 1. We first prove the claim s7" ... s = (g ... q1) (k' ... k;!) by induc-
tion on m. Note that o = s7', 73 = 57 s, ' and so on. For m = 1 we have s;' = (kyr)~! =
lel_l, and r; is a reflection in 2157 = S;. Suppose the claim holds for m — 1. Then

-1 “1 1 _ (-1 1 \,—1 —1 1yl _ —1 1 \p-1 _
Sy e S 1Sm = (87 o S )T (St -2 81)(s7 - ’1Sm—1)lfm = Qm(sy ...s,,_ )k, =
Gn(Gm-1 - ki . k2 )kt Here we used that (s7'...s " )rot(sp_1...51) is a reflec-
L -1 -1 _ -1 1y _ 1 1 —1y—1
tion in the plane s7"...s " 1Sn = Sy, Of course now sy ...s 1s = s7 ... 1(s7!)
and the claim follows from what we just proved since s~! = kr.

1 1

For a general x notice that the element of G sending = to ys = xs;" ...s,, s is given
by ws;t ..o tsrT = (2qqn . qurT ) (zky . kT 2. However, if ¢; is a reflection in
sit. .. 8758 then xgz~! is a reflection in xs;'...s; " S; = 2;5; and the claim is proved. O

Remark 3.3 Note that k;'...k 'k~! is an element of K that preserves @, the vertex
v~ v and x7'C, hence z(k;" ...k 'k~ )z~ preserves v, C' and 2@, so the side-pairing is a
transformation that keeps x(Q) fixed followed by reflections in the above hyperplanes which
contain v.

4 Example of a complement in the 4-sphere

We now recall Ratcliffe and Tschantz’s 24-sided polyhedron (see [8]) and a side-pairing that
yields an unorientable manifold with Euler characteristic 1.

We use the ball model of hyperbolic 4-space H*, so H* = B*, the unit 4-ball, with the

differential metric ds* = (fﬂcll;'j)Q. Hyperplanes in H* are round 3-spheres in R* that are

perpendicular to B,

Consider the 24 spheres of radius 1 that are centered at points whose two coordinates
are 1 and the other two are 0. Each of those spheres is perpendicular to OH* and any two
of them either intersect at a right angle, are tangential with tangent point on OH?* or are
disjoint. The spheres thus determine 24 hyperplanes that intersect at right angles. Let () be
the polyhedron that is the intersection of the 24 half-spaces determined by the hyperplanes,
where we always take the half-space that contains the origin. We will denote the sides of @)
and the hyperplanes that they lie on by S, Where “xxxx” is a string with two zeroes and
two +’s or —’s that determines the center of the sphere on which the hyperplane lies. For
example, S;g_¢ is the side lying on the sphere centered at (1,0, —1,0).

The polyhedron ) has ideal vertices v.o00 = (£1,0,0,0), vox00 = (0,£1,0,0), vooe0 =
(0,0,%1,0), vooox = (0,0,0,£1) and Vs = (£1/2,£1/2,£1/2,+1/2), where the “x” in the
subscript is always “+” or “—". The polyhedron has no real vertices.



Note that two sides intersect when the strings describing them have equal nonzero entries
in one position and the positions of the remaining nonzero entries are different. Two sides
touch at OH* when they have equal nonzero entries in one position and they have opposite
nonzero entries in another position or if the positions where they have nonzero entries are
complementary. Furthermore, an ideal vertex will be on a side if its euclidean distance from
the center of the sphere defining the side is 1. (For example, Sy_.¢ and S, _go intersect,
So_10 and Syyoy are disjoint, Sy_,¢ and Sy__g touch at vy_gg, and Sy_ g and S_go_ touch
at v__,_).

The intersection of the horosphere centered at an ideal vertex v with the hyperplanes
that contain v looks like a cube because this horosphere intersects six sides that intersect
either at right angles or meet only at v, hence their intersection with the horosphere are
pairs of parallel planes that intersect at right angles. Due to symmetry of (), the intersection
of @) with C' will be a cube rather than a general rectangular box.

Let P denote the intersection of () with the positive hexadecant and let K be the order-16
group generated by reflections in hyperplanes z; = 0,7 =1,...,4. Elements of K we denote
as K Where every “«” is a “+”7 or a “—7. It is clear that Q = KP ={kP | k € K}.

Ratcliffe and Tschantz investigated I'; C Isom H", the congruence two group of in-
tegral Lorentzian 5 x 5 matrices (see [8] for definition) and found that it is isomorphic
to the group generated by reflections in the sides of the polyhedron P. Thus, I'y =
(ks b R K 74400, 740405 TO4405 7400+ T04+0-+5 T00++ ), WHere e is a reflec-
tion in the side S,u. If G is a finite-index torsion-free subgroup of I's, then K acts on the
set T'3/G freely so K must divide [['3 : G]. If G has minimal index 16, then K is a set of
coset representatives so () will be a fundamental polyhedron for G, and G will be generated
by side-pairings of ). Ratcliffe and Tschantz showed that any side-pairing transformation
of @ that takes side R to side R’ must be of form kr or 7'k, where k € K takes R to R’ and
r and 7’ are reflections in R and R/, respectively. (This claim follows from Proposition 3.1.)
Thus, a side-pairing transformation will be specified by giving an element of K.

Ratcliffe and Tschantz used a computer to find all the side-pairings of ) for which
wlz] = 1 for every x € 0Q. They are the side-pairings that yield a hyperbolic manifold. The
list of 1171 nonisometric manifolds that they obtained, along with their side-pairings is in
their paper [8]. They also found that all sides of @ labeled by a string with the two zeroes
in the same place have the same corresponding k.

A specialization of Proposition 3.2 will be useful:
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Proposition 4.1 Let G, Q, and K be as in proposition 3.2, specialized to any of the
Ratcliffe-Tschantz examples. In this case K = Z3, in particular, it is abelian. Then, with the
set-up from Proposition 3.2, a side-pairing of @, can be written in form

f=(qqm - q)x(ky.. . kp)z™ = (q@m .- q1) ;- .p1) (k1. . knk)(pj...p1)~" wherepy, ..., p;
are reflections in the hyperplanes that one passes through by going from Q) to x().

Proof. We only need to rewrite xz(k;*...k;'k~")z~'. From Proposition 3.2 we can
write z = (pj...p1)(hy". ..h;l) by following a path from @ to z@Q, where hy,..., h; are
appropriate elements of K. Commutativity of K now reduces x(k;*...k 'k~ 2™t to
(pj-..p) (ki kYY) (py .. p1) ! and the fact that every element of K has order 2 allows
us to write k; instead of k; . O

Remark 4.2 Note that k; ...k,k preserves v since it preserves w = hy'... hj’lfu and the
two transformations commute. Each p; is a reflection in a hyperplane containing v which will
make (p;...p1)(k1...knk)(pj...p1)"" easy to visualize: it is nothing but the transformation
ki ...kyk moved to (p;...p1)Q.

We now show that the orientable double cover of manifold no. 1011 (call it M) in Ratcliffe
and Tschantz’s list is a complement in the 4-sphere and that it has covers of every even index
that are complements in some other simply-connected 4-manifold. Of the 1171 Ratcliffe and
Tschantz’s examples, we chose to try this one because it has the largest symmetry group,
which slightly simplifies the calculations.

First of all, the side-pairing for M is given by transformations that we name a,b, ..., k,!
as follows (r is always the reflection in the originating side):

Siio05 S 100 S0 =S o0 ab=Fk {i4r

St0+0 = Sto-0 S-040 4 S0 ¢d=kiy 47

So4-+0 = So-—0 So+-0 4 So—vo & f=k __r

S0+ i} S_00—  Stoo— L S_oo+ gh=k____r

Sot0+ - So-0+  So+o- = So—o— 4, =ky 447

S04+ LA Soo4+— Soo—+ 5 Soo—— kl=kyyir
The presentation for the group GG generated by these side-pairings is obtained by per-
forming an edge-chase (see e.g. [4]). Since there are no real vertices, every 2-face of @) (an
“edge”, or a codimension-2 face) has an ideal vertex. We will use fundamental polyhedra

Q,, as above, to find generators and normal translations of m F;, where OM = EyU---U Fs.
These polyhedra will also help with the edge chase, since each of their codimension-2 faces
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is the intersection of a codimension-2 face of () with a horosphere C' and can be used to
represent an edge in the cycle. All the edges in a cycle have a vertex v that is an element of
the cycle of some vertex, so all the edges of a cycle will be represented by a codimension-2
face of some polyhedron ),. Furthermore, since every 2-face of () has an ideal vertex that
is among v.o00, Vox00, Vooxo and vopo«, the codimension-2 faces of polyhedra Q. 00, Quooos
Quooso and Qyyeo, Will represent all the edges from all cycles.

Figure 1 contains pictures of Q. s Quoroos @uooros @uooos - Using Proposition 4.1 we can
determine the side-pairings of each @), and the generating translations of the translation
subgroup of GG, as well as which ones among them are normal.

We explain the method on the example @,,,,. The only other vertex in the cycle of
the vertex vigoo 18 v_goo = av4g00. Hence Qo0 = (Q Ua Q) N C will be a union of two
side-by-side cubes, it is the top rectangular box depicted in Fig. 1. The strings labeling
the sides of @), , come from the labeling of sides of @) (sides on the right cube are actually
translates of the sides of @) with the indicated label). The symbol v_go above the right
cube denotes that the right cube is a translate (by a™') of Q intersected with a horosphere
centered at v_ggp.

From Fig. 1 we can read off the cycles of edges. For example, look at S, 9N Sygor. We
see that

g d g !
Stoo+ N Syo40 — Sto—0 N Stoor = S—o0- N S_g40 — S—0—0 N S—00- = Sto0+ N Sio+0

and this edge cycle contributes the relation g~'dge = 1 to the presentation of G.

Now for the side-pairing transformations of @), .. Note that under the natural identi-
fication C' = R? the origin of R"~! may be taken to be the center of the cube Q N C. In
Fig. 1 we indicate the directions of the coordinate axes at left — they apply to only the left
cubes in the diagram, as the orientation of the right cubes is governed by the side-pairing.

Side Sio40 is paired to side S, _g via c. Since cvigoo = V4000 We see that ¢ € Gy, .. By
Proposition 4.1 ¢ is the composite of the reflection in S, (_¢ and k‘;i_ +, which is a reflection in
the plane x3 = 0, making ¢ a translation in the z3-direction (but with opposite orientation).
We use similar reasoning to see that a=1S_g, ¢ is paired to a=1S_y_ via a translation in the
xr3-direction.

Side S _gg is paired to side S__gg via b. Since bvggg = v_ggo then Sy g9 will be sent to
a~'S__go by an element of G,,,,. This transformation will be the composite of reflections
in S, 00 and a=1S__¢y (respectively, the center dividing plane and the right side of the top
box in Fig. 1, respectively) and of k_,, k., = 1, so will thus be a translation in the x;
direction.

Side S g0+ is paired to side S_go— via g. Since gv;p0 = v—_go there is an element of G,
that sends S, g0+ to a=1S_go—. This transformation is a composite of reflections in S, g0
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Figure 1: Fundamental polyhedra for G, 0, Guoroos Guooros Guoor and generators of their

translation subgroups.
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glide reflections
(reflect in shaded plane)

translam

translation

Figure 2: Side-pairing pattern for fundamental polyhedra Q.. 0 Quoso00r Quoosor Quooor

and a 'S _oo_ and k_, . k____ =k, __. Hence, its rotational part will be the composite
of reflections in x5 = 0, x4 = 0, which are parallel to S, g0 and a=1S_go_, respectively,
and k;___|c. The composite is thus a reflection in 3 = 0. It is now clear that S, o is

sent to a~1S_go_ by a glide reflection, that is, a translation composed with a reflection in a
plane containing the translation. The plane is z3 = 0, the plane going through the middle
of the two cubes and parallel to the front side. We use similar reasoning to see that S go_
is paired to a=1S_go, via a glide reflection, where the reflecting is again performed in the
plane x3 = 0.

The pattern of side-pairings, which is the same for each of the rectangular boxes @,
Quos00> Quooro AN Qg 18 illustrated on Fig. 2 — arrows indicate translations and it is noted
if a translation is composed with any reflections. We can see that G, will be generated
by three elements: the translation ¢ that pairs the front and back sides, the translation a=1b
that pairs the left and right sides and the glide reflection a~!g that pairs half of the top side
with half of the bottom side. (The second glide reflection is simply the composite of the
inverse of the glide reflection mentioned and the second translation.)

The actual elements that generate the group are obtained by the method discussed at the
beginning of § 3. A graph is convenient for this purpose: each vertex represents a translate
of @ and the label on the vertex indicates by which element () was moved. for example, the
horizontal edges in the top graph show that if we pass through S, 9, we arrive in ¢ 'Q;
passing further through a=1S__g gets us in a=1bQ).

Since the group of rotational parts of G, has order 2, the subgroup of translations has
index 2 in Gy, 4, Which means that @Qy, ., U (a7'9)Qy, 4 18 & fundamental polyhedron for
this subgroup. It is visually clear that this polyhedron will fill out R? if it is moved around
by composites of translations ¢; = ¢, to = a~'b and t3 = h™1g, hence those three translations
generate the subgroup of translations (h~1g is a translation using the same explanation as
a~1b). The normal translations among them are those whose vectors are &1 eigenvectors of
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Figure 3: Fundamental polyhedron for GG and generators of its translation subgroup

Uttt

the reflection in z3 = 0, which are multiples of ¢; and any combination of ¢, and ¢3.

Fig. 3 shows the fundamental polyhedron @,, .. . The smaller cube illustrates how the
faces are labeled on the portion of @), . labeled vy, ; this labeling implies the labeling
on every other cube that makes up @,,,, . For example, the front side on cube v____ is
labeled —00—, we simply insert zeroes in the appropriate places into the string labeling v ..
Using techniques as above (or see §5) it is easy to see that the left and right sides of the
rectangular box, as well as the bottom and top sides are paired by translations. The side
pairing pattern for the back side is illustrated in Fig. 4 and the pattern for the front side
is identical. Note that shaded rectangles are paired by a glide reflection. To see this, note
that Spi 10 is paired to Sy—_¢ via e. Since ev; ;. = v____ the back side of the cube labeled
vi44y is paired to the back side of the cube v____. As in 4.1, take a path from the cube
labeled v, that goes two steps to the right, then two steps down and then exits out the
back of the cube labeled v____. The composite of the reflections in the first four planes that
we pass through gives a translation in the direction of arrow in Fig. 4, composing with a
reflection in the back plane makes it a glide translation. We also have to compose this with
a conjugate of a certain element of K which turns out to be 1 because the only element of K
that sends vy to itself is 1. The translation subgroup of G is obtained in the same
way as for G, above.

We obtain all the relations and all the generators of the translation subgroups for each

Utt++
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plane containing
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Figure 4: Side-pairing pattern of front and back sides of Q. ,

vertex cycle in the way described above. Here are the relations:

bldlbe=1 )
aldlac=1
b=tha=lg=1
b=lgath =1
g tdge =1
hldhe =1 |
d ' k=1 )
c ek =1
dtflete=1
dtec lf1=1
e ek =1
fif k=1

from Qy_ o0

from Quy.0

J7 W ja=1)
i e =1
jMfitle=1
jfleiflf =1 from Qvo+00
e thea =1
ftofa=1 |
7 i=1)
k=l ki =1
Tl lg =1
l_lgk_lh_l =1 from Qv000+
g ljgi=1
hjh™ti=1 |

Recall that every edge of () has an ideal vertex that is among v.o00, V000, Yoox0 and vogos,
hence every cycle of edges of () is represented by a cycle of edges of one of Q. 50, @uoroos
Quooo a0d Qg - Cycles of edges of Q) , .. will not add any new relations, so they can be

omitted.

16



Now we list all the generating translations for each parabolic subgroup.

subgroup generating translations normal translations

tl =C nt
GU+000 tz = &_1b 1
_ mity +nt
tg =h lg 2 3
tl =a nt
G, ty =171y !
000 b= fie mity + nits
tl — ]i] nt
_ 1 1
Gvoo+0 iz : ;6 d th + nt3
tl =1
_ -1 nty
Gvooo+ iz ; ];;g l th + nt3
ti =elg
171 nty
Gopyir ty =a k" ak -

ts =i e lic

We now choose translations in each boundary component that we want to represent
the fiber of the S'-bundle. We simply go for the easiest expression in order to simplify
computation. Choose ¢, a, k, i and e~ 'g and compute 71 M/ ((c", a, k,i,e"'g)). Substituting
a,k,i =1 into the four groups of relators we get the following four respective groups:

b=ld lbe =1 )
d=c
b pu
b=thg =1 .
b gh— 1 i Je=1
g = jlef =1
g tdge=1
hldhe =1 |
I=1 j=
dtflete=1 Ith=1lg=1
dleclft=1 [lgh~t =1
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Taking into account now that [,b,j,e 'g = 1 and ¢ = d, we get the relations:

Vglege=1, clecle=1

h=g', h=g g=e [=¢
which immediately implies that the group is generated by c and e, and that e? = 1, e lcec = 1
and ¢ 'ec'e = 1. The last two equations are both equivalent to e 'ce = ¢! so the
presentation of the group is {c,e | c* =1,e? =1, e lce=cH =(c|c"=1)O(e|e*=1) =
Z, ® Zsy, where Zs acts on Z, by inversion in the semidirect product Z, ® Z,. Letting
H = ((c",a,k,i,e 'g)), we note that ¢" is primitive in H NGy, o, @ is primitive in H NG, o,
and so on. Proposition 2.4 now tells us that M has a 2n-fold cover M that is a complement
in a simply-connected manifold N.

When n = 1 the two-fold cover of M is actually the orientable double cover of M,
since via the homomorphism 7 M — m M/ ({c,a, k,i, g e)) = Z, the orientation reversing
generators e, f, g, h of G are sent to the nonidentity element of Zs while the orientation
preserving generators a, b, ¢, d, i, j, k, [ are sent to the identity element. Furthermore, x(N) =
X(double cover of M) = 2. Since HyN = HyN = Z and H{N = H3N = 0 this means
HyN = 0. Now due to Freedman’s (see [2, 3]) classification of simply-connected 4-manifolds,
the only simply-connected 4 manifold N with HyN = 0 is the 4-sphere.

When n > 2, let myM KN Z, ® Z, be the quotient homomorphism. The orientation-
reversing generators of m; M are sent to the generator of Zs, so the subgroup of orientation-
preserving transformations of m M is ¢~ (Z,). Since kerq C ¢ '(Z,), the 2n-fold cover
corresponding to ker g covers the orientable double cover which corresponds to ¢~*(Z,,). The
group of deck transformations is ¢~ *(Z,)/kerq = Z, so M is a cyclic cover of the double
orientable cover.

We use Proposition 2.3 to find the number of components of M. The subgroup G, 000
is generated by translations ¢ and a~'b and an orientation-reversing glide reflection. Those
transformations are respectively sent to c,1,e € Z, ® Z,, hence the index of ¢(G,, ) in
Z, ®Z, is 1. Similarly, we see that ¢(Gyy. o) = ¢(Gugoro) = €(Groor) = ¢(Guyy i) = (€) 50
the index of each of those subgroups of Z, ® Z is n. Therefore, M has 4n + 1 boundary
components.

Thus we have proved

Theorem 4.3 Let M be the Ratcliffe-Tschantz manifold no. 1011. Then M is a comple-
ment of & tori in a 4-manifold N with myN = Zs. The orientable double cover of M 1is the
complement of 5 tori in S*. Furthermore, the orientable double cover has cyclic covers of

any index n that are complements of 4n + 1 tori in a simply-connected closed manifold N
with x(N) = 2n. O
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5 A necessary condition

With a wealth of Ratcliffe-Tschantz examples available, one would like to know whether
many have a double cover that is a complement in S* or if this is a rare occurence. We give
a criterion that rules out an example from having such a double cover that (unfortunately)
applies to most Ratcliffe-Tschantz examples.

Proposition 5.1 Let M be a hyperbolic manifold that has a double cover which is a com-

plement in a simply-connected closed manifold. Then there exist translations ty,...,t, so
that 7T1M/ <<t1, e >tm>> = Z2.

Proof. Let H C m M be the subgroup of m M corresponding to the double cover in
question. Since the double cover is a complement there exist translations normal in H so
that H/ ((t1,...,tm))y = 1 (see proposition 2.2). However, H is normal in m M (it has
index 2) so H = ((t;...tm)) gy C ((t1...tm)) C H which immediately gives ((t;...%,)) = H
and the conclusion of the proposition.

Note that the double cover of M may have more boundary components than M, hence,
in general, m is greater of equal to the number of boundary components of M. O

Now we consider a Ratcliffe-Tschantz manifold M and use the notation of §4. Let G =
m M and let Z$ be the abelian group whose summands are generated by the 6 order-2
elements 7,00, T+0%0, T0s+0, Tx00%s T0x0x, Toosx- Note that only here “x” is a symbol and
not a slot allowing other symbols. As we have mentioned in §4, G C I'j, where I'i is
generated by reflections in the sides of the polyhedron P whose angles are all /2. There is
a homomorphism ¢ : 'y — Z§ given by K — 0, 74100 = Twx00, 71040 > Tx0x0, €tc. We
restrict ¢ to G and note that ¢ : G — Z$ is surjective: the side-pairing for side S, ;oo maps
t0 7400, the side-pairing for S, g, ¢ maps to .. and so on.

Referring to the 24-sided polyhedron ) from §4, let v be any of the ideal vertices that has
only one positive nonzero position. If C' is a horosphere centered at v, then C'N Q) is a cube
and translates of () that intersect give a tiling of C = R? by cubes. Note that the parallel
sides of the cube @ N C' are sides of the polyhedron () that have nonzero entries in the same
position, so their side-pairings have the same k in the kr decomposition of proposition 3.1.

In what follows, like in proposition 4.1, we drop “NC”. If we start a path in the cube
(@ that exits through side S, goes through the adjacent cube x() and then exits through
the parallel side opposite the entry side, finishing in translate g@), the transformation g is
equal to gaqik; 'k; according to proposition 4.1. However, since side-pairings for parallel
sides have the same K-part, k; = ko, so we get g = ¢2q1, where ¢; and ¢o are reflections
in planes that we passed through. It then follows that g is a translation. Also, ¢(g) = 0
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since both ¢; and ¢, map to the same generator of Z$ (every reflection ¢; is a conjugate of
74400, T04+04, - - - , Too++ Dy elements of K).

Therefore, translations by two lengths of the side of () in each of the three directions
parallel to the edges of () are contained in the translation subgroup of GG,,. Let T}, denote the
group of translations they generate. Since the fundamental polyhedron for G, is two side-
by-side cubes and the fundamental polyhedron for 7, is eight cubes, we get [G, : T,] = 4.
Note also that ¢(T,) = 0.

Similarly, if v is the ideal vertex vy, and C' a horosphere centered at v, then Q@ N C
is again a cube whose parallel sides have nonzero entries in complementary positions. A
path that goes perpendicularly through a side of the cube and continues in a straight line
until it has crossed 4 sides finishes in the translate g(), where (proposition 4.1 again) g =
W@k ks 1]{5 'k, '. However, since the K-part of a side-pairing is the same for every side
that has nonzero entries in fixed positions, we have ky = k3 and ko = k4, SO g = Quq3q21
owing to commutativity of K = Z3 and the fact that every element of K has order 2. This
makes g a translation by four lengths of a side of () as it is the composite of four reflections
in parallel planes. Also, ¢(g) = 0 because ®(k;) = 0, ®(q1) = P(g3) and P(q2) = P(qu).
Again let T, be the subgroup of translations generated by translations by four cube widths
in the three directions parallel to the edges of the cube ). The fundamental polyhedron of
T, comprises 64 cubes, while the fundamental polyhedron of GG, contains either 16 cubes, if
[[v]] = 16, or 8 cubes if |[v]| = 8. Thus, [G, : T,] = 4 or 8, respectively. Again note that
O(T,) = 0.

Theorem 5.2 Let M be a Ratcliffe-Tschantz manifold and let T denote the set of all
parabolic translations in G = m M. Viewing ZS as a Zs-vector space, if the dimension
of the subspace generated by ¢(T') is less than 5, then M does not have a double cover that
is a complement in S*.

In particular, let M be a 5-cusped Ratcliffe-Tschantz manifold, let nx denote the number
of boundary components (corresponding to cusps) of M of type X, X = A;B,F,G,H,1,J
and let (M) = 2n4 + 2np + ng +ng. If a(M) < 5 then M does not have a double cover
that is a complement in S*.

For a 6-cusped Ratcliffe-Tschantz manifold M, let n'y denote the number of boundary
components of type X that correspond to the two cycles of the ideal vertices vy 1 v (the last
two letters in Ratcliffe and Tschantz’s table of 6-cusped manifolds are the ones that identify
boundary component types corresponding to those vertices) and let nx denote the number
of boundary components of type X that correspond to the 4 cycles of the remaining ideal
vertices. Set o/ (M) = 2na + 2np + ng + ng + 20’y + 20’y + nlp + ng + nly +nf + 0. If
o' (M) < 5 then M does not have a double cover that is a complement in S*.
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Proof. We prove the contrapositive. Suppose M has a double cover that is a complement
in a simply-connected manifold and let G = m M. According to Proposition 5.1 there exist
translations ty,...,t,, so that m M/ {({t1,...,tm)) = Zs. The homorphism ¢ : G — Z3§
defined above induces a surjective homomorphism G/ ({t;...t,)) — ZS/ (d(t1) ... d(tm)) —
25/ (¢(T)) so dim ZS/ (¢(T)) < 1 which gives dim (¢(T")) > 5.

For the remaining two parts, we notice first that if the type of the boundary component
is F', I or J and G, is its corresponding parabolic subgroup, then the index of the translation
subgroup of G, is 4. Hence, if the index of T, in G, is 4, then the translation subgroup of
G, is equal to T,,.

Now suppose that M is a 5-cusped Ratcliffe-Tschantz manifold that has a double cover M
that is a complement in S*. By Proposition 5.1 there exist t1, . .., t,, so that G/ {{t1, ..., t,,)) =
Z,. Any translation ¢; that is in a parabolic subgroup corresponding to a boundary compo-
nent of type F', [ or J maps to 0 via ¢ by the above discussion, since the index of T}, in G,
is always 4 in the 5-cusped case. Boundary components of type G and H are unorientable,
so their lifts in M are orientable and thus have only one component; this means that only
one translation in the collection t4,...,¢,, is in the parabolic subgroup corresponding to a
boundary component of type G or H. Boundary components of type A or B could have
two components in their lifts and each component could have a different choice for fiber of
the Sl-fiber bundle, therefore, at most two translations in the collection ti,...,t,, are in
the parabolic subgroup corresponding to each boundary component of type A or B. There-
fore, the number of nonzero elements of ¢(t1),...,d(t,) is at most 2na + 2ng + ng + ny.
Again, surjectivity of the induced map G/ ({ty .. .tn)) — Z5/ (¢p(t1) ... ¢(t,)) gives us that
2n4 +2npg + ng +ng > dim (¢(t1), ..., ¢(t,)) > 5 proving the contrapositive of the second
claim.

If M is a 6-cusped Ratcliffe-Tschantz manifold, we reason in the same fashion. For a
vertex in a cycle of vy 4 14 the index of T}, in G, is 8, hence T;, has index 2 in the translation
subgroup of GG,,. Therefore, even if the boundary component type is I, I or J, there could be
a nonzero element corresponding to it in the collection ¢(t1),. .., ¢(t,,) and, as above, there
could be two if the boundary component is orientable. Thus, the number of nonzero elements
in ¢(t1),...,o0(tn) is at most 2na + 2npg + ng +nyg + 20’y + 2ns + np + ng + 1y + 05 +n/)
and the proof is finished as in the 5-cusped case. (Note that, since the boundary component
types corresponding to the two cycles of vy 4 4 1 are always equal, only one of the numbers
'y, N, Wp, N, Ny, Ny, Ny is nonzero.) O
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Example 5.3 Proposition 5.2 rules out easily many Ratcliffe-Tschantz examples to get that
at most about 346 (of 1171) can have double cover complements in S*.

First of all, any nonorientable example that contains a boundary component of type F
cannot have a double cover complement in S*, since the boundary component will lift to
two copies of boundary components of type F which are not S'-bundles. A hand count
that rules out all nonorientable examples with a boundary component of type F' and rules
out all manifolds that satisfy the second or the third part of Proposition 5.2 leaves 18 (of
22) 5-cusped orientable manifolds, about 287 (of 1068) 5-cusped nonorientable and 41 (of
81) 6-cusped nonorientable manifolds eligible to be complements inside S*. For example, if
M, denotes the Ratcliffe-Tschantz manifold(s) ranging through k’s, we have a(Mig_99) = 4,
a(Mgi1-ses) < 2, o/ (Miio1-1104) = 4.

Example 5.4 There are many Ratcliffe-Tschantz manifolds that can be ruled out using
the first, stronger, part of Proposition 5.2 by computing dim ¢(7"). For example, while
a(Ms) = 7, it is not hard to compute that dim ¢(7") = 4. Similarly, a(Ms45) = 6, and
o/ (Mi162) = 10, yet dim ¢(7') is 3 and 4, respectively.

We have used the first part Proposition 5.2 to investigate many potential candidates for
complements in S* and have been able to rule most of them out. Some examples remain
that cannot be excluded in this way and they are possible candidates for complements.
However, we feel that only a few Ratcliffe-Tschantz examples will turn out to have double
cover complements in S* and have confirmed only the one from Theorem 4.3.

6 Remark

In the proof of Theorem 4.3 we used Freedman’s theory which applies to the topological
category, that is, we can only claim that the double cover of M from Theorem 4.3 embeds in
a space N that is homeomorphic to S*. At this time it is still unknown whether a manifold
that is homeomorphic to S* is also diffeomorphic to the S* with the standard differentiable
structure (the “differentiable Poincaré conjecture in dimension 47). If we had a handle
decomposition for N, diffeomorphism with S* can be verified by using Kirby calculus to
transform the Kirby diagram of N to the Kirby diagram of the standard S*. It is not
too hard to produce a Kirby diagram of the manifold if it is given by a side-pairing of a
polyhedron (spherical, euclidean or hyperbolic). Then one can obtain a Kirby diagram for
N, which turns out to be rather complicated (it has 23 1-handles, 53 2-handles, 34 3-handles
and 5 4-handles). A computation using Kirby moves shows that N really is diffeomorphic
to S* — we plan to write the details in a future paper.

Hence, we have produced a complicated Kirby diagram of S* obtained in a seemingly
nontrivial, top-down fashion (as opposed to a bottom-up method where one would start with
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a simple Kirby diagram of the standard S* and make it more complicated via Kirby moves).
While of course this does not give a counterexample to the differentiable Poincaré conjecture
in dimension 4, it seems to indicate that a possible counterexample given by a Kirby diagram
may indeed be very complicated.
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