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Show all your work!

Calculus 3 — Final Exam
MAT 309, Spring 2022 — D. Ivansié

1. (12pts) Find the equation of the plane that contains the point
given by parametric equations: = 1 — Ly=4-3t, 2= -4+t
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2. (18pts) Consider the function flz,y) = % on domain {(z,y) | y > 0}.

a) Sketch the contour map for the function, drawing level eurves for levels k — %, 1,2:0.

b) At point (—2,2), find the directional derivative of f in the direction of (1, 1). In what
direction is the directional derivative the greatest? What is the directional d
direction?

¢) Let F = V. Sketch the vector field F. If you did a), no computation is needed,

erivative in that

Apply the fundamental theorem for line integrals to answer:
d) What is [, F . dr, if C is part of the parabela y = 2 from (1,1) to (2,4)?

e) What is [ F -dr, if C is a curve going from any point on level

curve k = 2 to any point
on level curve k = 17 )
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3. (12pts) Find the equation of the tangent plane to the surface Y+ —nf =x+yz at
point (0, 1, 1).
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4. (16pts) Find and classify the local extremes for f(z,y) = y? + 6zy + 2° — 18y — 6z,
’f,{“ 65 +2x =6
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5. (15pts) Let D be the region bounded by the curves y = z*, © = 2 and y = 0.
a) Sketch the region D.

1
b} Set up / f ————( A1) dA as iterated integrals in both orders of integration.
D
¢) Evaluate the double integral using the order you find easier.
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6. (18pts) Sketch the region F that is under the paraboloid z = 4 — 2% — 4% above the
ay-plane and in front of plane z = 1 (so points of the region satisfy 2 > 1). Then write the
two iterated triple integrals that stand for [[[, fdV which end in dydz dz and dz d> dy.
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7. (20pts) Use cylindrical or spherical coordinates to evaluate the integral [[[, 2% +y2dV,
if E is the region that is inside the sphere z* + 3 + 22 = 9 and between the planes y = =
and y = —z, the part that intersects the positive z-axis. Sketch the region E.
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8. (10pts) Set up and simplify the set-up, but do NOT evaluate the integral: [.F - dr,
where C is the right half of the circle 2? + y* = 9, traversed in the upward dirﬂectinn. a,nd'l 2_: \
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9. (16pts) Consider the triangle D with vertices (0,2), (4,2) and (2,0).
a) Draw the region.

b) Use Green's theorem to find the line integral [ (32% — y?) dz + (23 + 22) dy, where C
is the boundary of the triangle D, traversed counterclockwise. 3
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10. (13pts) The surface area of a cone of radius r and height % is given by S = 7ry/72 + hZ
(bottom disk not included). Starting with a cone with radius 3 meters and height 4 meters,

use differentials to estimate by how much the surface arca changes if the radius decreases by
0.2 meters and height increases 0.1 meters.
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Bonus (10pts) Suppose pollen is distributed in the plane with concentration Cla,9) =
&? +2y. A bee moving in the plane always tries to go in direction of the greatest increase
of pollen concentration. Show that it will move along the curve y = kx® for some k. That
is, show that a parametrization r(f) for this curve satisfies that r'(t) is always parallel to

VO(r(1)).
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