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Mathematical Reasoning — Final Exam | Name: Sovnk dur. (e
MAT 312, Fall 2020 — D. Ivansié Show all your work!

Consider the following sentences. If a sentence is a statement, determine whether it is true
(and justify your answer). If it is an open sentence, find its truth set.

1. (2pts) If x € R and 2? < —3, then 22 < —1.
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Negate the following statements. Write English sentences, but you may assist yourself with
symbols, if necessary.

4, (3pts) If the product of two real numbers is positive, then both numbers are positive.
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5. (dpts) There exists an & € A, such that z is even and x = 1 (mod 3).
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6. (10pts) Use previously proven logical equivalences to prove the equivalence
(P=Q)V(R= Q)= (PAR)= Q. Do not use a truth table.
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7. (12pts) Consider the statement: if z is irrational, then 4 + = is irrational.
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a) State the converse and prove or disprove it:
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b) State the contrapositive and prove or disprove it:
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8. (12pts) Let R be the universal set. The following is an open sentence in x:
(Vy € R)(y* > =)

a) If x = —3, is the statement true?
b) If = = 4, is the statement true?
¢) Find the truth set (the z's) of the above statement.
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9. (1l4pts) Prove using induction: for every natural number n,
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10. (12pts) Prove that for all real numbers z and y, % + 9y* > 6xy.
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11. (16pts) Consider the statement: for all a,b € Z, 3 | abif and only if 3| a or 3| b.
a) Write the statement as a conjunction of two conditional statements.
b) Prove each of the conditional statements.
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12. (14pts) Use the statement in problem 11 to show /15 is irrational. (Note that a square

is a product of two numbers.) 2 }1
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13. (12pts) Let A, B and C' be subsets of some universal set U,
a) Use Venn diagrams to draw the following subsets (shade).
b) Among the three sets, two are equal. Use set algebra to show they are equal,
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14. (16pts) Let Zs = {0,1,2,3,4}, and let f: Z — Zs, f(z) = z° + 2z (mod 5).
a) Write the table of values of f for z =0, 1,2, 3, 4.
b) Is f injective? Justify.
c) Is f surjective? Justify.
d) Note the domain is Z (not Z;). Determine the set of preimages of 4. List at least three
elements of this set and describe the set. The table from a) tells you everything you need to
know.
3 O e o = L}‘:G
a) o || bt Guts) A Lis wdt egchhey O3, ot Klo) = €1
o| 0| O c) £ 1 ok 5r“2‘nghm 2¢ ey X
3 ¥
| : J Fey £very ¢ ;(E“r(‘*“%”j, "“-'”"‘“Or’r?*q?f‘&:
2 g 3 {) 4 ( = ff }( 5
v 15| o Tow y52¢ = 42 (weat$) s0 £2)2 &0 )
) / . Aoy
4 21 4 Te _(?fﬂ =f(v}_ S 4l¥) = 0,3,4, we %

ﬁ'f fvty X, {(‘“# 2.

o o v aaseh ' )
d) f‘.IJ_x'E f‘f:{"—"‘q! foo Some XE Vo T K= ( J - g ﬁy
wd L= ’j(*rll {Wﬂpt "*’): whigh gV Klr) = ﬁ“ . The 4y

- ( o] ',:I T'.-J; -fr pNeAYl)
Ulv‘r{{-ﬁ My ) T (] = 4-."1""**“.'1 X= 4 v LJS” . PG F

A 40 E_Tgrlff}q} %, .., 4

".""—{'_-‘)lIl r 'FI _*.r’ 41 ]



15. (5pts) Draw an arrow diagram be- erp gy =i il @
tween the provided two copies of Z that | |
illustrates a function f : Z — Z that is is J / |
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16. (12pts) Let A, B be subsets of a universal set [/. Prove that A = B if and only if
AUB=AnNB.
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Bonus. (10pts) Let 0 < ag, aq,...,a, < 9 be integers.
a) Use (mod 3) calculus to show that

10" +a,_ 107 4oy 100+ a1 - 10+ ap = ay + ay1 + - +as+ a1 + ag (mod 3)
b) Use a) to show that a natural number is divisible by 3 if and only if the sum of its digits
is divisible by 3. 4
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