Introduction to Topology — Exam 1 Name:
MAT 516/616 , Fall 2013 — D. Ivansié¢ Show all your work!

Do all the theory problems. Then do at least five problems, one of which is of type B or C
(two if you are a graduate student). If you do more than five, best five will be counted.

Theory 1. (3pts) Let X be a set. Define what a topology on X is.
Theory 2. (3pts) Let (X, T) be a topological space and A C X. Define Int A.

Theory 3. (3pts) Let (X, 7T) be a topological space and A C X. State the theorem that
reveals the relationship between Int A, Bd A and Ext A.

TYPE A PROBLEMS (5PTS EACH)

Al. Let X ={a,b,c}. Which of the following collections is a topology on X7

Ti ={0.{a},{a,b0}}, T2={0.{a},{a,b},{a,b,c}}, Ts={0{a,b},{b,c} {a,c},{a,b,c}}

A2. Let A= (-2,2)U{5} be a subset of the topological space (R,#). Find A", Int A and
Bd A.

A3. Let A=QnNJ0,1] (all rationals between 0 and 1) be a subset of the topological space
(R,U). Determine Cl A.

A4. Let A be a subset of a the topological space (X,7T). Show that C1A = Int A if and
only if A is both open and closed. (Hint: don’t do anything complicated. Use properties of
interior and closure.)

A5. Let (X,T) be a topological space. Show that a subset A C X is dense if and only if
for every open set U, U N A # ().

AG6. Let f: (X,7T) — (Y,S) be the function between topological spaces defined by
f(x) = yo, where 7 is a fixed element of Y. Show that f is continuous.

AT7. Let X be any set with three elements or more and B be the collection of all two-element
subsets of X. Show that B is not a base for any topology.

TYPE B PROBLEMS (8PTS EACH)

B1. Let f: R — R be the function given below. Determine whether f is
a) U-U continuous b) C-C continuous

f(x):{x’ ifxz>0

x—1, ifz <O0.



B2. Show that the linear function f : R — R, f(z) = ma + b, m > 0 is C-C continuous.
How about when m = 0 or m < 07

B3. For every subset A of a topological space X show that C1A = AU Bd A.

B4. Show that the collection B = {B ( )| = € R,n € N} is a base for (R,U), where the
balls are defined using the usual metric d(z y) = |z —yl.

B5. Let f:(X,7)— (Y,S) be a function between topological spaces and let B be a base
for S. Show that f is continuous if and only if f~(B) is open in X for every B € B.

B6. Show that the function d((z1,v1), (T2, v2)) = |11 — 2| + 5|ly1 — ¥/ is a metric on R2.
Determine what By (0,0) is.

B7. Show that the function d defined below is a metric on N (natural numbers).

0, if m=n
d(m,n) =< %, if m # n and both are even or both are odd
1 if one is even and the other is odd.

TyPE C PROBLEMS (12PTS EACH)

C1. A collection T of subsets of the set of natural numbers N is defined as follows: U € T
provided that for every m € U, all the divisors of m are also in U, where 1 is considered a
divisor.

For example: {1,2,3,4,6,12}, {1,2,4,8}, {1,7}, {3* | k > 0} are in T;
{2,5,10}, {14,28}, {1,5,6,30} are not in 7.

a) Show that 7 is a topology on N.

b) Find Cl A, where A = {15}.

C2. For any set A in a topological space X, show that Cl(Int(Cl(Int A))) = Cl(Int A).
Show also that Int(Cl(Int(ClA))) = Int(Cl1 A). (Hint: don’t do anything complicated. Use
properties of interior and closure.)



Introduction to Topology — Exam 2 Name:
MAT 516/616 , Fall 2013 — D. Ivansié¢ Show all your work!

Do all the theory problems. Then do at least five problems, one of which is of type B or C
(two if you are a graduate student). If you do more than five, best five will be counted.

Theory 1. (3pts) Let X be a topological space and A C X. Define the relative topology
on A.

Theory 2. (3pts) Define the neighborhood of point.

Theory 3. (3pts) Let X, Y3,...,Y, be topological spaces. State the theorem that gives a
criterion for when a function f: X — Y} x --- x Y, is continuous, where Y; x --- x Y, has
the product topology.

TYPE A PROBLEMS (5PTS EACH)

Al. Let A= (—o00,7] be a subspace of (R,U). Which of the subsets of A are open in the
relative topology: (—1,3), (—o0,4], (0,7]?7 Prove your answers.

A2. Let X = {a,b,c,d} with the topology T = {0,{a,b},{c,d},{a,b,c,d}}. Let A =
{a,b,c}. Find Int{a, c} and Inta{a,c} and justify your answer.

A3. Let X be a topological space and let A C X be a closed set. Show that FF C A is
closed in A if and only if F' is closed in X.

A4. Give an example of a function f: (R,H) — (R, #) that is not continuous. Then give
an example of a function that is not open.

A5. Let X be a topological space and define f : X x X — X x X as f(x,y) = (y,2).
Show that f is a homeomorphism. What is its inverse?

A6. Group the subspaces of R? into groups of homeomorphic spaces. Show spaces from
one pair of groups are not homeomorphic.

NAISVISIS

TYPE B PROBLEMS (8PTS EACH)

B1. Let X and Y be topological spaces with bases B; and By. Show that the collection
B ={B; x By | By € By, By € By} is a base for the product space X x Y.

B2. Let X = {a,b,¢,d} with the topology T = {0,{a},{a,b},{a,b,¢c,d}}. Find all the
homeomorphisms f : X — X and justify that your list is exhaustive.



B3. Let X have the discrete topology. Show that the product topology on X x X is the
discrete topology (i.e. every subset of X x X is open in the product topology).

B4. Let X be a topological space, and let X x X have the product topology. Define
Z C X x X tobetheset Z={(r,z) e X x X |z € X}.

a) Draw the set Z for the closed interval X = [1,2].

b) Show that X is homeomorphic to Z (Z has the relative topology).

B5. Let R have the topology C. Show with a picture that the multiplication function
m : R xR — R is not continuous. (Hint: what are basic open sets in R x R like?)

TyPE C PROBLEMS (12PTS EACH)

C1. Let X and Y be topological spaces, A C X, B C Y. Show that
Bd(A x B) =(BdA x ClB)U (ClA x Bd B).

[lustrate for X, Y = R, A = (2,4), B = (1,3). (Hint: you will not need to go into definitions,
just use established properties.)

C2. Let X =R?>-{(0,0)} and Y = {(z,y) € R?* | 2% + 4% > 1}. Show that X and Y are
homeomorphic. First sketch what the homeomorphism does, then write a formula for it and
prove it is a homeomorphism.



Introduction to Topology — Exam 3 Name:
MAT 516/616 , Fall 2013 — D. Ivansié¢ Show all your work!

Do all the theory problems. Then do at least five problems, one of which is of type B or C

(two if you are a graduate student). If you do more than five, best five will be counted.
Theory 1. (3pts) Define when a topological space X is connected.
Theory 2. (3pts) Define a Hausdorff space.
Theory 3. (3pts) State the theorem that characterizes compact subsets of R (Heine-Borel
Theorem).

TYPE A PROBLEMS (5PTS EACH)

Al. Let X = {a,b,c,d} with the topology T = {0, {a,b},{c,d},{a,b,c,d}}, and let
A ={a,b}. Is X connected? Is A connected? Prove your answers.
A2. Show that any subset of (R, ) with at least two elements is disconnected.
A3. Let R have the topology T ={U CR | U =R or [-2,2] CU°}. Is (R, T) connected?
A4. Is the set QN [0,1] (with usual topology) compact? Prove your answer.

A5. Use the Intermediate Value Theorem to show there exists a real number ¢ satisfying
3
¢’ =9.

A6. Show that (1,4) is not a compact subset of (R, H).

AT. Show that [3,00) is a compact subset of (R,C).
TYPE B PROBLEMS (8PTS EACH)

B1. Show that any connected subset A of (R,U) has the property: if z < y are elements
of A, then any z € (z,y) is also in A.

B2. Let ACR xR betheset A= ([0,1) x R)U{(1,n) |n € Z}. Is A connected? Prove

your answer.
B3. Let X be a topological space and A a finite subset of X. Show that A is compact.

B4. Show that the punctured plane R xR —{(0,0)} is a connected space, with the topology
relative to the usual product topology on R x R. (Use known theorems and properties of
connectedness rather than the definition.)

B5. Let X be a Hausdorff space, and let X x X have the product topology. Define
Z C X x X tobetheset Z={(z,z) € X x X |z € X}. Show that Z is a closed subset of
X x X.



TyPE C PROBLEMS (12PTS EACH)

C1. Let X be the square [0,1] x [0, 1] with the usual product topology and f: X — R a
continuous function so that f(0,0) = —3 and f(1,1) = 2. Show that there is a point (c, d)
in (0,1) x (0,1) (the “interior”) such that f(c,d) = 0.

C2. Give an example of a compact subset of (R,U) that is not a closed interval. Then
show: if A C (R,U) is a compact and connected subset, then A is a closed interval.



Introduction to Topology — Final Exam| Name:
MAT 516/616 , Fall 2013 — D. Ivansié¢ Show all your work!

Do all the theory problems. Then do at least five problems, one of which is of type B or C
(two if you are a graduate student). If you do more than five, best five will be counted.

Theory 1. (3pts) Let (X,7) be a topological space and A C X. Define Cl A.
Theory 2. (3pts) Define the product topology.

Theory 3. (3pts) Define when a topological space X is compact.

TYPE A PROBLEMS (5PTS EACH)

Al. Let (X,T) be a topological space. Show that a subset A C X is dense if and only if
for every open set U, U N A # ().

A2. Let X be any set with three elements or more and B be the collection of all two-element
subsets of X. Show that B is not a base for any topology.

A3. Let X be a topological space and let A C X be a closed set. Show that FF C A is
closed in A if and only if F' is closed in X.

A4. Let X be a topological space and define f : X x X — X x X as f(x,y) = (y,2).
Show that f is a homeomorphism. What is its inverse?

A5. Show that any subset of (R, #) with at least two elements is disconnected.
A6. Show that (1,4) is not a compact subset of (R, H).

A7. Show that [3,00) is a compact subset of (R,C).

TYPE B PROBLEMS (8PTS EACH)

B1. Let f: R — R be the function given below. Determine whether f is

a) U-U continuous b) C-C continuous
x, ifx>0
f@)_{ z—1, ifz<0.

B2. Show that the collection B = {Bi(x) | x € R,n € N} is a base for (R,U), where the
balls are defined using the usual metric d(z,y) = |z — y|.

B3. Let X have the discrete topology. Show that the product topology on X x X is the
discrete topology (i.e. every subset of X x X is open in the product topology).



B4. Let ACR xR betheset A= ([0,1) x R)U{(1,n) |n € Z}. Is A connected? Prove

your answer.

B5. Show that the punctured plane RxR—{(0,0)} is a connected space, with the topology
relative to the usual product topology on R x R. (Use known theorems and properties of
connectedness rather than the definition.)

B6. Let X be a Hausdorff space, and let X x X have the product topology. Define
Z C X x X tobetheset Z={(z,z) € X x X |z € X}. Show that Z is a closed subset of
X x X.

TyPE C PROBLEMS (12PTS EACH)

C1. A collection T of subsets of the set of natural numbers N is defined as follows: U € T
provided that for every m € U, all the divisors of m are also in U, where 1 is considered a
divisor.

For example: {1,2,3,4,6,12}, {1,2,4,8}, {1,7}, {3* | k > 0} are in T;
{2,5,10}, {14,28}, {1,5,6,30} are not in T.

a) Show that 7 is a topology on N.
b) Find Cl A, where A = {15}.

C2. Let X =R?—{(0,0)} and Y = {(z,y) € R? | 2% + y* > 1}. Show that X and Y are
homeomorphic. First sketch what the homeomorphism does, then write a formula for it and
prove it is a homeomorphism.

C3. Let X be the square [0,1] x [0, 1] with the usual product topology and f: X — R a
continuous function so that f(0,0) = —3 and f(1,1) = 2. Show that there is a point (¢, d)
in (0,1) x (0,1) (the “interior”) such that f(c,d) = 0.

C4. Give an example of a compact subset of (R,U) that is not a closed interval. Then
show: if A C (R,U) is a compact and connected subset, then A is a closed interval.



