Mathematical Reasoning — Final Exam | Name: Oak Oceqn
MAT 312, Fall 2011 — D. Ivansic Show all your work!

1. (12pts) Are the following statements true or false? Justify.
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a) If an integer is divisible by 6, then it is divisible by 3. | ¥«
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b) If roses are blue, then violets are red.
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¢) For every real number r, vz? = z.
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2. (10pts} Negate the following statements.

a) The pillow iz blue and fluffy.
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b) If x =4, then 2° +2x — 4 < .
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¢) There exists an x € R such that 2% £ 2% L r < (.
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d) For every x© € R, there exists an n € N such that = < n.
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3. (12pts) Use previously proven logical equivalences to prove the equivalence
(PV(E)= R)=(P= R)A(Q = R). Do not use a truth table.
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4. (12pts) Let Zj; = {0,1.2,...,8,9} be the universal set. Let A = {0,1,4,9}, B =
{r € Zyy | @ =0(mod 3}, C = {r € Z)y | z =1 (mod 2)}. Use the roster method to write

the following sets:
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5. (12pts) Let A, B and C be subsets of some universal set U

a) Use Venn diagrams to draw the following subsets.
h) Among the three sets, two are equal. Use set algebra to show they are equal.
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6. (14pts) Prove that an integer n is divisible by 5 if and only if n* — 5n is divisible by 3.
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7. (10pts) Let = be a real number, and p and g rational numbers. Prove: if x is irrational,
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then p + g is irrational.
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8. (16pts) Let a and b be integers. Prove or disprove the following statements
a) If ab is divisible by 4, then a is divisible by 4 or b is divisible by 4
b) If ab is divisible by 3, then a is divisible by 3 or b is divisible by 3
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9. (12pts) Let Zs = {0,1,2,3,4}, and let f: Z; — Zs, f(z) = 4z (mod 35).

a) Write the table of function values.
) What is the set of preimages of 27
c) Is f injective? Justify.

d) Is f surjective? Justify.
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10. (16pts) Let hiz) = el
a) What subsct of real numbers is the natural domain for this function?
b) Show that this function is injective.
¢) What is the range of this function? Justify your answer.
d) What should be the domain and codomain if we want & to be a bijection?
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11. (14pts) Use induction to prove: forevery n € N, 1+5+9+-. .+ (dn—3) = n(2n—1).
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12. (10pts) Let g: Z x Z — Z x Z be given by g(m,n) = (—2m + 9n, m — 5n). Show that
g is surjective,

-..E el =y i
L&J\ {511)"5 /../_J‘s{{;:)_’ JU{".@;-I'_'”LU ,J';JJI'H; Sim:: Jr.f_r ,;,_,L.;L,? Sr’E'EE
m— 2:4-4_"1'9L'“ :_I::
M= -9 =S5 . b en
== 5“\ =1 P - gl
,-"Ll—_—;_l,_"".ﬁ
Jut+t o

=AU Sutl =5
fﬂé‘h};—}h{-'ﬁ’ Jo ? Iy urfj‘ggf-’{l'“'tl
~ 0w =261+ 9u=§
~2{-§=n
* S(-1e-s)st=llft- 55 = ~74-55

Bonus. (7pts) Let &,y = 0 be real numbers. Show that VIY < %
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Bonus. (8pts) Let A, B be subsets of a universal set I/, Prove: if A — B = B — A then
A=B.
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