The nonexistence of bivariate symmetric wavelets

with short support and two vanishing moments

Ming-Jun Lai and David W. Roach

Abstract. In this note, we show the nonexistence of bivariate symmet-
ric wavelets with support size [0,7] x [0, 7] with more than one vanishing
moment. We derive a necessary solution for the first order vanishing mo-
ment condition, and we show that this solution is incompatible for higher
vanishing moments.

§1. Introduction

The most common wavelets used for image processing are the tensor-product
of univariate compactly supported orthonormal wavelets. Of this class of
wavelets, only the Haar wavelet is symmetric which gives its associated filter
the property of linear phase. Since Daubechies’ work[5], numerous gener-
alizations of wavelets have been developed including biorthogonal wavelets,
multiwavelets, and bivariate wavelets. Since 1992, several examples of bi-
variate compactly supported orthonormal and biorthogonal wavelets have
been constructed. See Cohen and Daubechies’93[3] for nonseparable bidi-
mensional wavelets, J. Kovacevi¢ and M. Vetterli’92[8] for nonseparable filters
and wavelets based on a generalized dilation matrix, He and Lai’97[6] for the
complete solution of bivariate compactly supported wavelets with filter size
up to 4 x 4, Belogay and Wang’99[2] for a special construction of bivariate
nonseparable wavelets for any given regularity, and Ayache’99[1] for nonsepa-
rable dyadic compactly supported wavelets with arbitrary regularity. See also
Cohen and Schlenker’93[4], Riemenschneider and Shen’97[10], and He and
Lai’98[7] for bivariate biorthogonal box spline wavelets.

It is well-known that in the univariate setting, there does not exist sym-
metric compactly supported orthonormal wavelets except Haar for dilation
factor 2. We are interested in the construction of symmetric wavelets in the
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bivariate setting with dilation matrix 2/ which have compact support and
vanishing moments. We start with a scaling function ¢. Let
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be the Fourier transform of ¢, where
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is a trigonometric polynomial satisfying m(1,1) = 1. In addition, the trigono-
metric polynomial m(x,y) satisfies the orthonormality condition

(e, y)I* + [m(—z, )| + [m(z, —y)|* + [m(—2, —y)]* = 1.

Let ¢;(x,y) be the corresponding wavelet satisfying

hilwr,wa) = mi(e“t/? %2/ d(w1 [2,wq/2),i = 1,2, 3,

where the m; are trigonometric polynomials such that the following matrix

m(z,y)  m(=z,y)  me,—y) m(=z,-y)

mi(z,y) mi(—z,y) mi(z,—y) mi(—z,—y)
may(x,y) ma(—z,y) ma(z,—y) ma(—z,—y)
ms(x,y) ms(—z,y) ms(z,—y) ms(—z,—y)

is unitary. Moreover, we are interested in symmetric scaling functions ¢ with
a certain number of vanishing moments in the sense that their associated
trigonometric polynomial m(x,y) satisfies

m(1/x,1/y) ==Yy Nm(z,y)

as well as
oF oF
——m(z,y) m(z,y) =0, 0<k<M-1.
Ox* ——1 8 ok y=—1

The symmetry condition provides ¢ with the property of linear phase and the
vanishing moment conditions provide ¢ with polynomial reproduction up to
degree M — 1. polynomials If m(x,y) satisfies the symmetric property, then
the associated wavelets can easily be found by using qg and

mi(z,y) = m(—x,y), ma(x,y) =a-m(x,—y), and ms(x,y) = z-m(—x, —y).
In summary, we are looking for trigonometric polynomials m(z,y) =

Z Z cikxjyk which satisfy the following properties:

=0 k=0
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(i) Existence: m(1,1) = 1.
(ii) Orthogonality:|m(z,y)|* + |m(—=z,y)I* + [m(z, —y)[* + [m(—=z, —y)|* = 1

(iii) Symmetry: m(1/z,1/y) = 2= Ny~ Nm(z,y).
(iv) M vanishing moments: m(z,y) = (z+1)M (y+1)Mm (2, y) where m(z,y)
is another trigonometric polynomial.

Recently, the authors have successfully constructed the complete solution
of all bivariate nonseparable compactly supported symmetric wavelets with
one vanishing moment and support [0, 5] x [0, 5] in Lai and Roach’99[9]. That
is, for N = 5 and M = 1, we construct a two-parameter family of m(x,y)
which constitutes a scaling function and the corresponding wavelets. However,
we were unable to find scaling functions and wavelets with N = 5 and M = 2.

In this note, we develop a necessary condition for the trigonometric poly-
nomials m(x,y) which satisfy the symmetry condition, the vanishing moment
condition, and the orthonormality condition for N =7 and M = 1. We then
show that there are no trigonometric polynomials for N = 7 and M = 2,
and consequently no symmetric bivariate scaling functions with two vanishing
moments for the support size we are considering.

To be more precise, write m(x,y) = ZZhijxiyj. Let us express

=0 j=0
m(x,y) in polyphase form as

m(z,y) = fo(z*,y*) + 2 f1(2*,¥°) + yfo (2 y°) + 2y fs(2®, %)
with

3 3
ZZa”x v o= fley) = )Y bia'y!

=0 j=0 =0 j=0
3 3 3 3
_ il — Cplyd
= § § Ci;T Y, fS(xvy) = E dz]l' Y.
=0 j=0 =0 j=0
By (iii), we have
_ T _ - - -
1 ag bo aq bl ao bz as b3 1
&€ bis ais by ais bz ais bz ai Yy
1’2 ag b4 as b5 ag b6 ay b7 y2
3 3
I bivn air bio aio by Qg bs as Y 1
m(xvy) - 4 b b b b 4 ( )
T as ] Qg 9 Q410 10 a1l 11 Yy
1’5 b7 ay b6 ag b5 as b4 ag y5
6 6
&€ arz bz ais bz ajq by ais bis Yy
_1}7 i L b3 as bz ao bl aq bo dag _y7 i

We will derive a necessary condition on these a;’s and b;’s such that m(x,y)
satisfies (ii). Then, we show that the a;’s and b;’s do not satisfy the second
order vanishing moment condition.
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The paper is organized as follows: We first give the linear and nonlinear
equations arising from (i), (ii), (iii) and (iv) with N = 7 and M = 1 in Section
2. We next analyze these linear and nonlinear equations to find necessary con-
ditions for the a;’s and b;’s in section 3. In Section 4, we express the second
order vanishing moment condition (iv) with A = 2 as a system of linear equa-
tions. We conclude section 4 by showing that the necessary conditions from
section 3 are incompatible with the second order vanishing moment condition
from section 4.

62. Linear and Nonlinear Equations

Properties (i) and (iii) imply that

where > a; 1= a; + b; for simplicity.
Property (ii) implies the following 25 nonlinear equations:

Za0a15 = 0
ZCL3CL12 = 0

(

(

Y apars + asars =0 (
Y agars + arars =0 (6

(

(

(

)

)

)

)
Za2a12 +aza;3 =0 7)
Y asas + ararz =0 8)
ZGOCW + aqayr +agays =0 9)
Zaoals + ajayy + azays =0 (10)
Zalalz + azarz +azayy =0 (11)
ZG3G4 + arag + ajyaiz =0 (12)
Zaoas + aqar + agayy + ajza;s =0 (13)
Zaoalo +arary + agarg +asars =0 (14)
Zaoalz + araiz + azayy +asars =0 (15)
Zazas + azag + agarz + arayz =0 (16)
Zao% + ajar + agarg + asayy + agayg + agays =0 = (17)
Zaoag + ajaig + azar + agaiz + asars + agars =0 = (18)
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Zalas + azag + azaig + asaiz + agarz + arayy =0 = (19)
ZG2G4 + azas + agag + arag + arjpaiz + ar1a13 =0 = (20)
Z = apag + a1Gy + G2a10 + a3a11 + asa12 + asaiz + aedia+

arays =0 (21)
Zaoaz + araz + asas + asar + agajg + dgdi1 + A12014+

ajzars =0 (22)
Zao% + ai1ae + azar + agag + asayg + agail + agaiz+

agaiy + ajpars =0 (23)
ZCHCM + azas + azas + asas + asag + araio + agaiz+

ajparz +ajyary =0 (24)
Zaoal + aiaz + azas + asas + asae + asdr + agag + agdio+

10011 + ar12a13 + arzarg + ajgars =0 = (25)
ZGOCM +aias + azae + asar + agag + asdy + o + arain+

agay + agayz + ajpaiy + ajyays =0 (26)

>3t = - (27)

Property (iv) with M = 1 implies

[\
co

ap + ar + az + as = by + by + by + b3

as + as + as + a7 = by + bs + bg + by
ag + ag + ayo + ary = bg + by + byo + b1y

a2 + aiz + ag + ays = byo + b1z + big + bis

ap +ay +ag +ayz = by + by + b1y + bys
ay +as +ag + a3 = by + bg + bio + by
az + ag + ajo +ayg = by +bs + by + by3
az +ar + a1 +ays = by + by + bg + bio.

W W W W W N
H= W N = O O
e e e N e N N N

TN TN TN TN TN TN TN
W
ot

Using (28)-(31) and (2), we immediately get

15 15
dai=) bi=1/4. (36)
1=0 1=0

63. Necessary Conditions

We first group some nonlinear equations together to make perfect squares.
This enables us to introduce parameters in order to simplify these equations.
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Using (27), (26), (21), and (15), we have

D (a0 + as + as + arz)* + (a1 + a5 + ay + ags)’
1
+ (az 4+ ag + a10 + a14)2 + (a3 + a7 + a11 + a15)2 = —_3
Moreover, using (6), (7), (14), (16), (17), (20), (22), we get

Z(Go + a4 + as + a12)(az + ag + arp + a14)
+ (a1 + as + ag + ar3)(as + a7 + a1 + a15) = 0. (38)

After using (32)-(35), (37), and (38), we obtain

((ap + as + as + a12) £ (az + as + a0 + G14))2

1

+ ((aq —|—a5—|—a9—|—a13)j:(a3—|—a7—|—a11—|—a15))2 = 3 (39)

Choosing the plus sign in equation (39) and using (36) yields

ap + aq + ag + a1z + az + ag + a1o + a4 = 1o,

ai + as + ag + a1z + az + ay + a1 + a1z = So,

where ro 4+ 3o = 1/4 and r¢sp = 0. Giving us four cases: ry,s9 = 1/4 or 0.

Similarly, using (27), (25), (22), and (13), we get

Z(ao +ay 4+ az +az)® + (ag + as + ag + ar)?

1
+ (as + a9 + a1o + a11)2 + (a12 + a3 + azq + a15)2 = 3 (40)
Using (21), (1), (18), (16, (14), (8), (5), we have

Z(Go + a1 + az + as)(as + ag + aig + a11)
+ (a4 + a5 + ag + a7 )(a12 + a13 + a4 + a15) = 0. (41)

In a similar fashion as before, we have

ap + a1 +ag +az +ag + ag + ajo + a1 = to,

as + as + ag + a7 + a1z + a13 + a4 + a5 = Uy,

where tg + ug = 1/4 and tyuy = 0.

Next using (21), (22), (14), and (16), we have

> (a0 + az + ag + aip)* + (a1 + a3 + ag + anr)?

1
-I-(Cl4-|-a6-I-Cl12-|-6l14)2—|-(a5+a7+a13+al5)2 = 3 (42)
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Using (3), (4), (9)-(12), (23), and (24), we get

Z(Go + ay + as + ayo)(as + ar + a1z + ais)
+ (as + as + a12 + a1a)(aq +as + ag + a11) = 0. (43)
It follows that

Z((Go +as +as + a19) £ (a5 + ar + a3 + G15))2
1
+ ((a4 + ag + a12 + a14) + (a1 + a3 —|—a9—|—a11))2 = 3 (44)

It should be noted that equation (44) requires the ) notation since there
are no linear equations relating these sums of the a;’s to the sums of the b;’s.
Upon choosing the plus sign, we can still use (36) to simplify (44). Denote a =
ao+az+ag+ayo+as+ar+ais+ars and b= bo+ba+bs+bio+bs+br+bis+bys,
then (44) becomes

1 A 1 - 1
&2+(1—d)2+62+(1—b)2:— (45)
1, - 1 1
o— = b— ) = —. 46
(@—2)+0-2) =5 (46)

Equation (46) can be solved in terms of a free parameter as
ag +az +ag +aig +as +ar + a3 +ais =p1
bo + ba + bg + bio + b5 + b7 + b1z + bis = q1,

where p; = é + ﬁ cosy and ¢ = é + ﬁ siny. We summarize the above

information in the following lemma.

Lemma 1.

ag + a2 + ag + ag + ag + ajo + a12 + a4 = ro, (47)
a1 + a3z + as + a7 + ag + a11 + @13 + a5 = Sg, (48)
ag +ay + az +ag + ag + ag + ayo + a1 = to, (49)
ag + as + ag + ar + ay2 + a1z + a4 + a5 = o, (50)
ag + az + as + a7 + ag + ay9 + a13 + a15 = p1,, (51)
1
al—|—a3—|-a4‘|‘a6‘|‘a9‘|‘a11‘|‘a12‘|‘a14:Z_plv (52)
bo + by + by + b 4 bg + big + b12 + bis = so, (53)
bi + b3 + bs 4 b7 + by + b1y + bis + bis = 1o, (54)
by + by + b + bs + bs + b + b1o + b1 = to, (55)
by + bs + bs + by + big + D13 + big + bis = uo, (56)
bo + ba + bs + b7y + bg + b1g + b1s + bis = ¢, (57)
1
bi + b3 + by +bg +bg +bi1 + b1z +bia=——q1., (58)
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where rg + sg = i, roso = 0, tg + ug = i, toug = 0, p1 = é + ;Wcos% and
g = é + ﬁ sin 7.
Here, we note that we have used (28)-(35) to get the equations for the sums
of the b;’s.

We now refine our solutions to sums of four coefficients. Choosing the
minus sign in equation (39) yields

1 1

ag + ag + ag + a1z = §(To—|-7“1)7 as + ag + a0 + a4 = 5(7“0—7“1)
1 1
ay + as + ag + a1z = 5(804-81)7 as + a7+ a1 a5 = 5(80 — 51),

where r; = icosa and s; = isin «. Furthermore, equations (3), (4), (5), (8),

(9), (12), and (13) yield
Z(Go + a4 + as + a12)(as + a7 + a11 + a15) = 0. (59)

This together with (32) and (35), give the following constraint on our param-
eters

2(ro +71)(80 — s1) = 0. (60)

Because of the relationship between r; and sq, equation (60) produces three

cases: 1y = 1o and s; = 8g, 1y = —7rg and s; = Sp, or ry = —7rg and $; = —Sp.
Similarly,

1 1
ag —|—a1—|—a2—|—a3:§(t0—|—t1), ag + ag + aip + a1 = §(t0—t1)

1 1
as +as + ag + ay = §(u0—|—u1), a2 +aiz +ag +as = §(U0—U1)7
where #; = }cos3 and uy = Ising. Additionally, equations (3), (4), (6),

(10), (11), and (15) with (28) and (31), gives us (to + t1)(ug — uy1) = 0.

In summary, we have the following lemma.

Lemma 2. Suppose m(x,y) is a trigonometric polynomial written in its
polyphase form as in equation (1). If m(x,y) satisfies properties (i), (ii),
(iii), and (iv) with M =1, then the coefficients satisfy

1

ag + ag + ag + a1z = §(To—|-7“1)7 as + ag + a1p + a4 = 5(7“0—7“1)
1 1
ay + as + ag + a1z = 5(80 +s1), az+ar+a +as = 5(80 — 51),
1 1
ag +G1+G2+G3:§(to +1t1), as+ag+ap+an = §(t0—t1)
as +as + ag + ay = §(Uo +uy), a1z + a1z + ajq a5 = §(U0 — uy),
and
(ro +7r1)(so —s1)=0
(to + tl)(uo — ul) =0.
where rg, sg,tg, ug are given in Lemma 1 and r; = icos o, $1 = isina, =

t = icosﬂ and u; = isinﬂ.



Nonezistence of bivariate Symmetric Wavelets

64. Nonexistence of higher vanishing moments
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Because there are no symmetric compactly supported tensor product wavelets
with more than one vanishing moment, it is natural to ask whether there
are any nonseparable symmetric solutions with multiple vanishing moments.
Although the question is still open, Theorem 3 says their are no symmetric
solutions with higher vanishing moments for m(z,y) with N = 7. To see this,
recall that property (iv) with M = 2 implies %m(—l, y) = 0, that is,

-0 7 T _ ao
1 615
-2 ag
3 b11
—4 as
S b7
—6 aio

L 71 Lbs

Thus,

bo
ais
by
aijl
bs
ar
by

as

aj
b1y
as
bio
ay
be
ais

by

by
aiq
bs
ajo
by
ae
bys

as

as
bys
ae
by
ajo

bs
aiq

by

by
ais
be

ay

bio
as
b1y
aj

as
by
ar
bs
aijl
by
ais

bo

b3 7]
ai2
bz
as
b1y
ay4
bis

agp J

@

A S S S R
9 Gt W W

Tbs — 6aq1o + Dby — 4ag + 3b11 — 2a4 + b5 =0
Taz — 6b19 + ba7 — 4bs + 3a11 — 2by +a15 =0
Tby — 6aq3 + dbg — 4ag + 3b1g — 2as5 + b4 =0
Tas — 6b13 + bag — 4bg + 3a19 — 2b5 + a4 =0
by — 6ars + 5bs — 4aio + 3by — 2a6 + bz =
Tay — 6byy + Sas — 4b1o + 3ag — 2bs + a13 =
Tby — 6ay5 + 5by — 4ayy + 3bg —2a7 + b2 =0
Tag — 6b1s + day —4by1 + 3ag — 2b7 + a12 =0

Similarly, a%m(:z;, —1) implies

Thy — 6as + 5by — 4ae 4+ 361 — 2a1 + by
Tayy — 6byg + Says — 4byz + 3ary — 2b14 + ass
Tb7 — 6a7 + bbe — dag + 3b5 — 2as + by =0
Tag — 6bg + Sag — 4bg + 3a19 — 2b1o + any
Tb11 — 6ai1 + 5bio — 4aro + 3bg — 2ag9 + bs
Tay — 6by + Das — 4bs + 3ag — 2bg + a7 =0
Tbis — 6ays + 5b1g — 4ary + 3biz — 2a13 + bio
Tag — 6by + Day — 4by + 3a9 — 2b3 + a3 = 0.

=0
=0

=0
=0

=0

SN TN TN TN TN N S
S O O O O O O O
CO = O Ot = W N =
e e e e e e N S

AN TN TN TN N N N S
= =] =] =] =~ =] O
QL = W NN — O ©

N S e e e e N

~J
D

Theorem 3. Suppose m(x,y) is a trigonometric polynomial written in its
polyphase form as in equation (1). If m(x,y) satisfies properties (i), (ii), and
(iii), then m(x,y) does not satisty property (iv) for M > 2.
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Proof: Adding equations (62), (64), (66), and (68) we have

T(ao + a1 + az + az) + 5(as + as + as + ar)

+ 3(as + ag + aro + a11) + (a12 + a13 + a4 + az5)

= 6(b12 + b13 + b1a + b15) + 4(bs + bg + b1o + b11)

+ 2(by + bs + bs + b7). (77)

Substituting Lemma 2, we have
T(to +1t1) 4+ 3(uo +ur) = (to — t1) + 5ug — uqg)
6t0 — 2u0 + 8t1 + 8u1 =0
1
6t0 — 2(1 —to) —|—8t1 —|—8u1 =0

1
t0—|—t1 —|—U1 == E (78)
Because of the relationships tg +ug = 1/4, toug = 0, = t} +u? = 1/16, and the
constraint (tg + t1)(ug — u1) = 0, we only have four cases to consider. They
are

case 1: tozi,uoz(),tlzi, and =u; =0
case 2: tozi,uoz(),tlz—i, and =u; =0
case 3: ton,uozi,tle, and :ulzi
case 4: ton,uozi,tle, and :ulz—i.

None of these cases satisfy equation (78). Thus, their = are no solutions with
two vanishing moments.

A similar problem arises by adding equations (70), (72), (74), and (76)
yielding the inconsistent constraint ro +r; + 51 = %. O

Although the bivariate case allows enough freedom to generate a family of
symmetric solutions, it does not allow for multiple vanishing moments at least
for the support size we have considered. So, compact support, orthogonality,
vanishing moments, and symmetry are again at odds in the construction of

bivariate wavelets.
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